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A COMPACTNESS THEOREM FOR THE DUAL 
GROMOV-HAUSDORFF PROPINQUITY 

FREDERIC LATREMOLIERE 


Abstract. We prove a compactness theorem for the dual Gromov-Hausdorff 
propinquity as a noncommutative analogue of the Gromov compactness theo¬ 
rem for the Gromov-Hausdorff distance. Our theorem is valid for subclasses of 
quasi-Leibniz quantum compact metric spaces of the closure of finite dimen¬ 
sional quasi-Leibniz quantum compact metric spaces for the dual propinquity. 
While finding characterizations of this class proves delicate, we show that all 
nuclear, quasi-diagonal quasi-Leibniz quantum compact metric spaces are lim¬ 
its of finite dimensional quasi-Leibniz quantum compact metric spaces. This 
result involves a mild extension of the definition of the dual propinquity to 
quasi-Leibniz quantum compact metric spaces, which is presented in the first 
part of this paper. 
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1. Introduction 

The dual Gromov-Hausdorff propinquity [21, 18, 20] is an analogue of the Gro¬ 
mov-Hausdorff distance [7] defined on a class of noncommutative algebras, called 
Leibniz quantum compact metric spaces, seen as a generalization of the algebras of 
Lipschitz functions over metric spaces. The dual propinquity is designed to provide 
a framework to extend techniques from metric geometry [8] to noncommutative 
geometry [5]. In this paper, we prove a generalization of Gromov’s compactness 
theorem to the dual propinquity, and study the related issue of finite dimensional 
approximations for Leibniz quantum compact metric spaces. As a consequence of 
our study, we extend the dual Gromov-Hausdorff propinquity to various classes of 
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quasi-Leibniz quantum compact metric spaces, which are generalized forms of non- 
commutative Lipschitz algebras. Indeed, we prove that nuclear quasi-diagonal Lei¬ 
bniz quantum compact metric spaces are limits of finite dimensional quasi-Leibniz 
quantum compact metric spaces, yet we do not know whether they are limits of 
finite dimensional Leibniz quantum compact metric spaces. 

An important property of the Gromov-Hausdorff distance is a characterization 
of compact classes of compact metric spaces [7]: 

Theorem 1.1 (Gromov’s Compactness Theorem). A class S of compact metric 
spaces is totally bounded for the Gromov-Hausdorff distance if, and only if the 
following two assertions hold: 

(1) there exists D ^ 0 such that for all (X, m) S S, the diameter of (Ai, m) is 
less or equal to D, 

(2) there exists a function G : (0, oo) IN such that for every {X, m) G S, and 
for every e > 0, the smallest number Cov(x,m)(£) of balls of radius e needed 
to cover (X, m) is no more than G(e). 

Since the Gromov-Hausdorff distance is complete, a class of compact metric spaces 
is compact for the Gromov-Hausdorff distance if and only if it is closed and totally 
bounded. 

Condition (2) in Theorem (1.1) is meaningful since any compact metric space 
is totally bounded, which is also equivalent to the statement that compact met¬ 
ric spaces can be approximated by their finite subsets for the Hausdorff distance. 
Thus, intimately related to the question of extending Theorem (1.1) to the dual 
propinquity, is the question of finite dimensional approximations of Leibniz quan¬ 
tum compact metric spaces. However, this latter question proves delicate. In order 
to explore this issue, we are led to work within larger classes of generalized Lipschitz 
algebras, which we name the quasi-Leibniz quantum compact metric spaces. The 
advantage of these classes is that it is possible to extend to them the dual propin¬ 
quity, and then prove that a large class of Leibniz quantum compact metric spaces 
are limits of finite dimensional quasi-Leibniz quantum compact metric spaces for the 
dual propinquity. In particular, the closure of many classes of finite dimensional 
quasi-Leibniz quantum compact metric spaces contain all nuclear quasi-diagonal 
Leibniz quantum compact metric spaces. The various possible classes of quasi- 
Leibniz quantum compact metric spaces we introduce represent various degrees of 
departure from the original Leibniz inequality. 

The dual propinquity is our answer to the challenge raised by the quest for a 
well-behaved analogue of the Gromov-Hausdorff distance designed to work within 
the C*-algebraic framework in noncommutative metric geometry [4, 5, 27, 28, 40, 
30, 29, 31, 32, 33, 34, 36, 35, 37, 38, 39]. Recent research in noncommutative 
metric geometry suggests, in particular, that one needs a strong tie between the 
quantum topological structure, provided by a C*-algebra, and the quantum metric 
structure, if one wishes to study the behavior of G*-algebraic related structures such 
as projective modules under metric convergence. The quantum metric structure 
over a C*-algebra 21 is given by a seminorm L defined on a dense subspace dom(L) 
of the self-adjoint part of 21 such that: 


(1) {a € dom(L) : L(a) = 0} = Rlsi, 
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(2) the distance on the state space =5^(21) of 21 defined, for any two €. .5^(21) 
by: 

(1.1) ijj) = sup {|v5(a) — '4>{a)\ : a G dom(L) and L(a) < 1} 

metrizes the weak* topology on J^(2l). 

Such a seminorm is called a Lip-norm, and the metric defined by Expression (1.1) 
is called the Monge-Kantorovich metric, by analogy with the classical picture [10, 
11]. In particular, it appears that Lip-norms should satisfy a form of the Leibniz 
inequality. In [16] and onward, we thus connected quantum topology and quantum 
metric by adding to Lip-norms L on unital C*-algebras 21 the requirement that: 

(1-2) <L(a)||&||2t + L(6)||a||a 

and 

(1-3) <L(a)||&|k + L(6)||a||a, 

where || • ]|> 2 t is the norm of the underlying C*-algebra 21. 

Yet, the quantum Gromov-Hausdorff distance, introduced by Rieffel [40] as the 
first noncommutative analogue of the Gromov-Hausdorff distance, did not capture 
the C*-algebraic structure, as illustrated with the fact that the distance between 
two non-isomorphic C*-algebras could be null. In order to strengthen Rieffel’s 
distance to make *-isomorphism necessary, one may consider one of at least two 
general approaches. 

A first idea is to modify the quantum Gromov-Hausdorff distance so that it cap¬ 
tures some quantum topological aspects of the underlying quantum metric spaces, 
while not tying the metric and topological structure together. For instance, Kerr’s 
distance [12] replaces the state space in Expression (1.1) with spaces of unital com¬ 
pletely positive matrix-valued linear maps, which capture some additional topolog¬ 
ical information, while the notion of Lip-norm, i.e. metric structure, is essentially 
unchanged and in particular, does not involve the Leibniz properties (1.2), (1.3). 
This first approach is shared, in some fashion or another, by all early attempts to 
fix the weakness of the coincidence axiom [12, 22, 24, 13]. However, Kerr introduced 
in [12] a weakened notion of the Leibniz property, called the E-Leibniz property, 
motivated by the nontrivial question of the completeness of his matricial distance. 
Specifically, when applying Kerr’s construction specifically to a class of E-Leibniz 
quantum compact metric spaces, Kerr proved in [12, Theorem 5.3] that the dis¬ 
tance thus obtained (which is not the matricial distance, but rather the so-called 
E-Leibniz complete distance [12, Section 5]) is complete. The original matricial 
distance of Kerr is not complete in general, as seen in [9]. Thus, the F-Leibniz 
property is a natural requirement, as far as Kerr’s distance is concerned, and as 
well for our own dual propinquity, as we shall see in this paper. 

Yet, as with Rieffel’s construction, Kerr’s distance is not known to satisfy the 
triangle inequality once restricted to a specific class of E-Leibniz compact quantum 
metric spaces. The dual propinquity was designed precisely to handle this situation. 

A second approach is to tie together the metric and topological structure of 
quantum metric spaces before attempting to define a Gromov-Hausdorff distance. 
This approach involves working on a more restrictive category of quantum compact 
metric spaces. One then realizes that quite a few challenges arise when trying to 
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define an analogne of the Gromov-Hansdorff distance. These challenges owe to the 
fact that the definition of an analogne of the Gromov-Hausdorff distance involves a 
form of embedding of two compact quantum metric spaces into some other space, 
and various properties of this analogue, such as the triangle inequality, become 
harder to establish when one puts strong constraints on the possible embedding. 
The Leibniz property of Expressions (1.2) and (1.3) are examples of such strong 
constraints. First steps in this direction can be found in Rieffel’s quantum proximity 
[35], and the restriction of Kerr’s distance to K-Leibniz compact quantum metric 
spaces [12], which are not known to even be a pseudo-metric, as the proof of the 
triangle inequality is elusive. 

The dual propinquity follows the second approach, and owes its name to Ri¬ 
effel’s proximity. Its construction answered the rather long-standing challenge to 
employ the second approach described above toward a successful conclusion. The 
dual propinquity is defined on Leibniz quantum compact metric spaces, which are 
compact quantum metric spaces whose Lip-norms are defined on dense Jordan- 
Lie sub-algebras of the self-adjoint part of the underlying C*-algebras, and which 
satisfy the Leibniz inequalities (1.2) and (1.3). All the main examples of com¬ 
pact quantum metric spaces are in fact Leibniz quantum compact metric spaces 
[40, 30, 29, 25, 23]. Now, the dual propinquity is a complete metric on the class 
of Leibniz quantum compact metric spaces: in particular, distance zero implies *- 
isomorphism, in addition to isometry of quantum metric structures, and the triangle 
inequality is satished. Several examples of convergence for the dual propinquity are 
known [14, 21, 37]. 

Moreover, several stronger ties between quantum metric and quantum topology 
have been proposed, most notably Rieffel’s strong Leibniz property and Rieffel’s 
compact G*-metric spaces [35], both of which are special cases of Leibniz quantum 
compact metric spaces. The dual propinquity can be specialized to these classes, in 
the sense that its construction may, if desired, only involve quantum metric spaces 
in these classes. We also note that the notion of Leibniz quantum compact metric 
space can be extended to the framework of quantum locally compact metric spaces 
[15, 17, 19[. 

The problem of determining which Leibniz quantum compact metric spaces is a 
limit of finite dimensional Leibniz quantum compact metric spaces for the dual pro¬ 
pinquity, however, challenges us in this paper to explore a somewhat relaxed form 
of the Leibniz inequality, while keeping, informally, the same tie between quan¬ 
tum topology and quantum metric structure. Indeed, while any compact quantum 
metric space is within an arbitrarily small quantum Gromov-Hausdorff distance to 
some finite dimensional quantum metric space [40, Theorem 13.1], Rieffel’s con¬ 
struction of these finite dimensional approximations does not produce finite di¬ 
mensional C*-algebras nor Leibniz Lip-norms. In fact, the construction of finite 
dimensional approximations for Leibniz quantum compact metric spaces using the 
dual propinquity remains elusive in general. If (2t, L) is a Leibniz quantum com¬ 
pact metric spaces, we seek a sequence (fB„,L„)„g]N of finite dimensional Leibniz 
quantum compact metric spaces which converge to (2t, L) for the dual propinquity. 
The first question is: what is the source of the C*-algebras ? 

A natural approach to the study of this problem is to first seek C*-algebras 
which naturally come with finite dimensional C*-algebra approximations in a quan¬ 
tum topological sense. Nuclearity and quasi-diagonality, for instance, provide such 
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approximations. The next natural question becomes: how to equip the hnite di¬ 
mensional topological approximations of some C*-algebra 21 with quantum metric 
structures, given a Lip-norm on 21? Our effort led us to an answer in this paper, if we 
allow a bit of flexibility. When working with a nuclear quasi-diagonal Leibniz quan¬ 
tum compact metric space (21, L), we can equip finite dimensional approximations 
with Lip-norms which are not necessarily Leibniz, but satisfy a slightly generalized 
form of the Leibniz identity, in such a way as to obtain a metric approximation for 
the dual propinquity. This weakened form of the Leibniz property is referred to 
as the quasi-Leibniz property. Informally, one may require that the deficiency in 
the Leibniz property for approximations of nuclear quasi-diagonal Leibniz quantum 
compact metric spaces be arbitrarily small, though not null. 

We emphasize that a crucial difficulty which we address in our work regards 
the Leibniz, and more generally, quasi-Leibniz property of the Lip-norms. With¬ 
out a specific interest in the Leibniz property, one may obtain finite dimensional 
approximations for various classes of compact quantum metric spaces, typically 
under some hnite dimensional topological approximation properties such as nucle- 
arity, exactness, and others, as seen for instance in [12, Proposition 3.9, 3.10, 3.11], 
[13, Theorem 5.3, Theorem 5.8]. The challenge, however, is to work with a metric 
on classes of Leibniz or quasi-Leibniz compact metric spaces for which such hnite 
dimensional approximations are valid, meaning in part that the Lip-norms on the 
hnite dimensional approximating spaces must also satisfy a form of Leibniz identity. 
These matters turn out to add quite a bit of complexity to the problem. 

Our paper thus begins with the extension of the dual Gromov-Hausdorff propin¬ 
quity to new classes of quantum compact metric spaces which we call quasi-Leibniz 
quantum compact metric spaces. We prove, using our techniques developed in 
]18, 20], that the extended propinquity retains all of its basic properties: it is a com¬ 
plete metric on various classes of quasi-Leibniz quantum compact metric space. An 
important aspect of this construction is that one hrst picks a class of quasi-Leibniz 
quantum compact metric spaces, and then within this class, the dual propinquity 
gives a metric — while involving only spaces from one’s chosen class. In practice, 
the purpose of this construction is to allow one to chose, informally, the least gen¬ 
eral class of quasi-Leibniz quantum compact metric spaces, and ideally even the 
class of Leibniz quantum compact metric spaces, since this would imply that all 
the intermediate spaces involved in the computation of the dual propinquity would 
possess as strong a Leibniz property as possible, and thus allow for more amenable 
computations. 

We then prove our compactness theorem for quasi-Leibniz quantum compact 
metric spaces in the next section of our paper. We take advantage of our extension 
of the dual propinquity to prove our theorem for a large collection of quasi-Leibniz 
quantum compact metric spaces. This theorem includes a statement about the 
original class of Leibniz quantum compact metric spaces. The proof of our theorem 
is split in two main steps: we first investigate the compactness of some classes of fi¬ 
nite dimensional quasi-Leibniz quantum compact metric spaces. We then prove our 
compactness theorem for classes of quasi-Leibniz quantum compact metric spaces 
which are within the closure of certain classes of finite dimensional quasi-Leibniz 
quantum compact metric spaces. 
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We then conclude our paper with the proof that nuclear-quasi-diagonal Lei¬ 
bniz quantum compact metric spaces (and even many nuclear quasi-diagonal quasi- 
Leibniz quantum compact metric spaces) are within the closure of many classes 
of finite dimensional quasi-Leibniz quantum compact metric spaces, to which our 
compactness theorem would thus apply. 

2. Quasi-Leibniz quantum compact metric spaces and the Dual 
Gromov-Hausdorff Propinquity 

The framework for our paper is a class of compact quantum metric spaces con¬ 
structed over C*-algebras and whose Lip-norms are well-behaved with respect to 
the multiplication. The desirable setup is to require the Leibniz property [34, 35, 
16, 18, 20]. Yet, as we shall see in the second half of this work, the Leibniz property 
is difficult to obtain for certain finite-dimensional approximations. We are thus led 
to a more flexible framework, although we purposefully wish to stay, informally, 
close to the original Leibniz property, while accommodating the constructions of 
finite dimensional approximations in the last section of our paper, and potential 
future examples. It could also be noted that certain constructions in noncommuta- 
tive geometry, such as twisted spectral triples [6], would lead to seminorms which 
are not satisfying the Leibniz inequality, yet would fit within our new framework. 
With this in mind, we propose the following as the basic objects of our study: 

Notation 2.1. The norm of any normed vector space X is denoted by Mix. 

Notation 2.2. Let 21 be a unital C*-algebra. The unit of 21 is denoted by 1%. The 
subspace of the self-adjoint elements in 21 is denoted by sa (21). The state space of 
21 is denoted by .5^(21). 

Notation 2.3. Let 21 be a C*-algebra. The Jordan product oi a, b G sa (21) is 
the element a o b = ^ {ab ~\- ba) and the Lie product oi a,b G sa (21) is the element 
{a,b} = jr{ab-ba). 

Our generalization of the Leibniz property will rely on: 

Definition 2.4. We endow [0, oo)^ with the following order: 

Vx = (Xi,X 2,X3,X4),2/ = (2/i,y2,2/3,y4) 

x^y (Vj e {1,..., 4} Xj < Vj). 

A function F : [0, oo)"^ [0, oo) is permissible when: 

(1) F is nondecreasing from ([0, oo)^, =4) to ([0, oo), ^), 

(2) for all x,y,lxfiy £ [0,oo) we have: 

(2.1) xly ~\- ylx ^ A'(x, y, lx^ ^y)- 

Definition 2.5. Let 21 be a C*-algebra and L" be a permissible function. A semi¬ 
norm L defined on a Jordan-Lie sub-algebra dom(L) of sa (21) is F-quasi-Leibniz 
when, for all a,b G dom(L): 

(2.2) L(ao6) ^L^(||a||2i,|16||a,L(a),L(6)) 
and 

(2.3) 


L({a,6}) ^F(||a||2t,||6||a,L(a),L(6)). 
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The order on [0, oo)'^ used in Definition (2.4) was used in [12] to define F-Leibniz 
seminorms. Thus Definition (2.5) is a special case of the definition of F-Leibniz 
seminorms: the key difference is that our notion of permissibility for a function F 
also guarantees that the maximum of an F-quasi-Leibniz seminorm and a Leibniz 
seminorm is again an F-quasi-Leibniz seminorm, i.e. the function F is not modified 
by this construction. This will prove essential in our core theorems for this section: 
Theorem (2.21), which is the basis for the proof that the dual propinquity satisfies 
the triangle inequality, and Theorem (2.28), which shows that the extension of the 
dual propinquity to quasi-Leibniz quantum compact metric spaces satisfies all the 
desired properties. 

The notion of an F-quasi-Leibniz seminorm includes various examples of semi¬ 
norms from differential calculi [1] or from twisted spectral triples with non-isometric 
twists. 

We are now ready to define the main objects for our work: 

Definition 2.6. A pair (21, L) of a unital C*-algebra 21 and a seminorm L defined 
on a dense Jordan-Lie subalgebra dom(L) of sa (21) is a F-quasi-Leibniz quantum 
compact metric space for some permissible function F when: 

(1) {a € dom(L) : L(a) = 0} = Illat, 

(2) {a € sa(2l) : L(a) < 1} is closed in || ■ [ja, 

(3) the Monge-Kantorovich metric on (21), defined for any two states (p^ip € 

by: 

(2.4) mkL(:/J, if)) = sup {|(/7(a) — '0(a)| : a £ dom(L) and L(a) ^ 1} , 

induces the weak* topology on .5^(21), 

(4) L is F-quasi-Leibniz on dom(L). 

The seminorm L of a F-quasi-Leibniz quantum compact metric space is called an 
F-quasi-Leibniz Lip-norm. 

The following two special cases of quasi-Leibniz quantum compact metric space 
will be central to our current work. Our original construction of the dual propin¬ 
quity held for Leibniz quantum compact metric spaces: 

Definition 2.7. A Leibniz quantum compact metric space (2t, L) is a F-quasi- 
Leibniz quantum compact metric space where the function F is given by: 

^ ■ (^1 ^x-; ^y) £ [0 ; do) I y xly -t- ylx- 

Our main motivation in extending the domain of the propinquity is to accom¬ 
modate the following type of quasi-Leibniz quantum compact metric spaces, as 
they will be the type of quantum compact metric spaces which we will construct 
as finite dimensional approximations to nuclear quasi-diagonal Leibniz quantum 
compact metric spaces: 

Notation 2.8. A {C, D)-quasi-Leibniz quantum compact metric space, for some 
C ^ 1 and F ^ 0, is a Fc^u^quasi-Leibniz quantum compact metric space where 
the function Fc^d is defined by: 

F(^ r) ■ y, ^x: oo) I y Ci^xly -t- ylx) F L)lxly. 

Thus, if (21, L) is a (C, F)-quasi-Leibniz quantum compact metric space, then 
for all a,b £ dom(L), we have: 

L (a o 6) ^ C (L(a)||&||a + ||a||aL(6)) + FL(a)L(5) 
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and 

L ({a, 6 }) < C (L(a)|| 6 || 2 t + ||a||aL( 6 )) + Dl{a)L{b), 

and Leibniz quantum compact metric spaces are exactly the (1,0)-quasi-Leibniz 
quantum compact metric spaces. 

We note that a pair (21, L) with L a seminorm defined on a dense subspace of 
sa(2l) and satisfying Assertion (1) of Definition (2.6) is a Lipschitz pair, and a 
Lipschitz pair which satisfies Assertion (3) of Definition (2.6) is a compact quantum 
metric space^ while L is then known as a Lip-norm [27, 28]. 

We use the following convention in this paper: 

Convention 2.9. If L is a seminorm defined on a dense subset dom(L) of some 
vector space X then we extend L to A by setting L(a) = c» for all a G A \ 
dom(L), and we check that if L is closed, i.e {a G sa (21) : L(a) ^ 1} is closed, 
then its extension is lower-semicontinuous with respect to the norm. We adopt 
the convention that 0 • c» = 0 when working with seminorms. Moreover, if F is 
a permissible function, then we implicitly extend A to a function from [0, oo]"^ to 
[0, cx)] by setting F{x, y, fy, Zy) = oo if oo G {x, y, fy, ly} whenever necessary. 

We remark that if (21, L) is a (C, D)-quasi-Leibniz quantum compact metric 
space then, since L(la) = 0 and thus L(a) = L(ala) ^ C\-{a) for all a G sa(2l), 
we must have C ^ 1, as given in Notation (2.8). Of course, C ^ 1 and D ^ 0 are 
necessary for Fq^d to be permissible as well; we see that in this case this condition 
does not remove any generality. 

Remark 2.10. Of course, if (2t, L) is a (C, D)-quasi-Leibniz quantum compact metric 
space for some C ^ 1, D ^ 0, then it is a (C", D')-quasi-Leibniz quantum compact 
metric space for any C ^ C and D' ^ D. More generally, G ^ F are two 
nondecreasing nonnegative functions over [0, oo)^, and if (21, L) is a A-quasi-Leibniz 
quantum compact metric space, then (21, L) is a G-quasi-Leibniz quantum compact 
metric space as well. 

We make a simple remark, which will prove useful when proving the triangle 
inequality for our extension of the dual propinquity: 

Remark 2.11. If Li and L 2 are, respectively, Fi and ^ 2 -quasi-Leibniz Lip-norms on 
some unital C*-algebra 21, then max{Li,L 2 } is a max{Li, A 2 }-quasi-Leibniz Lip- 
norm on 21. 

In particular, if Li and L 2 are respectively (Gi,Di) and (G 2 , D 2 )-quasi-Leibniz 
Lip-norms on some C*-algebra 21, then max{Li, L 2 } is a 

(max{Gi, G 2 }, max{Di, D 2 }) 
quasi-Leibniz Lip-norm on 21. 

A morphism tt : (21, La) -t (IB, L®) is easily defined as a unital *-morphism from 
21 to 05 whose dual map, restricted to the state space =5^(*B), is a Lipschitz map from 
(J^(05), mkL 25 ) to (J^(21), mkLai). In this manner, quasi-Leibniz quantum compact 
metric spaces form a category. The notion of isomorphism in this category is the 
noncommutative generalization of bi-Lipschitz maps. However, as is usual with 
metric spaces, a more constrained notion of isomorphism is given by isometries. 
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Definition 2.12. An isometric isomorphsism tt : (21, La) (®, L®) between two 
quasi-Leibniz quantum compact metric spaces (2t, La) and (*8,L®) is a unital *- 
isomorphism from 21 to 25 whose dual map is an isometry from (=5^(18), mkLjg) onto 
(.5^(21), rnkL^i). 

The assumption that Lip-norms are lower semi-continuous in Definition (2.6) 
allows for the following useful characterizations of isometric isomorphisms: 

Theorem 2.13 (Theorem 6.2, [40]). Let (21, La) and (*8, L®) be two quasi-Leibniz 
quantum compact metric spaces. A *-isomorphism tt : % ^ ^ is an isometric 
isomorphism if and only i/ Lsg o tt = La. 

The fundamental characterization of quantum compact metric spaces, due to 
Rieffel [27, 28, 25[, will be used repeatedly in this work, so we include it here: 

Theorem 2.14 (Rieffel’s characterization of compact quantum metric spaces). Let 
(21, L) be a pair of a unital C*-algebra 21 and a seminorm L defined on a dense sub¬ 
space o/sa(2t) such that {a G sa(2t) : L(a) = 0} = IRla- The following assertions 
are equivalent: 

(1) The Monge-Kantorovich metric mkL metrizes the weak* topology o/.5^(21), 

(2) diam (.5^(21), mkr) < oo and {a € sa (21) : L(a) ^ 1, [[a[|a ^ 1} is totally 
bounded for [| • jja, 

(3) for some state pL £ J^(21), the set {a £ sa(2l) : pi{a) = 0 and L(a) ^ 1} is 
totally bounded for jj • [|a, 

(4) for all states £ .5^(21), the set {a £ so (21) : /r(a) = 0 and L(a) ^ 1} is 
totally bounded for jj • [ja. 

One may replace total boundedness by actual compactness in Theorem (2.14) 
when working with quasi-Leibniz quantum compact metric spaces, since their Lip- 
norms are lower semi-continuous. 

We extend the theory of the dual Gromov-Hausdorff propinquity to the class 
of quasi-Leibniz quantum compact metric spaces. Our original construction [18] 
was developed for Leibniz quantum compact metric spaces. Much of our work 
carries naturally to quasi-Leibniz quantum compact metric spaces. We follow the 
improvements to our original construction made in [20[ for our general construction, 
and we refer to these two works heavily, focusing here only on the changes which 
are needed. 

We begin by extending the notion of a tunnel between quasi-Leibniz quantum 
compact metric spaces, which is our noncommutative analogue of a pair of isometric 
embeddings of two quasi-Leibniz quantum compact metric spaces into a third quasi- 
Leibniz quantum compact metric space. 

Definition 2.15. Let F : [0, oo)''’ —>• [0, oo) be a permissible function. Let (2ti, Li), 
(212, L 2 ) be two T’-quasi-Leibniz quantum compact metric spaces. An F-tunnel 

(S), Lj), TTi, 712 ) from (21i,Li) to (2l2,L2) is a F-quasi-Leibniz quantum compact 
metric space (2), Ljj) and two *-epimorphisms tti : S) ^ 2ti and 712 : 2) ^ 2 I 2 such 
that, for all j £ {1, 2}, and for all a G sa (21j), we have: 

Lj(a) = inf{L 2 )((i) : d £ sa(S)) and TTj{d) = a}. 

Notation 2.16. For any (7^1 and D ^ 0 and any two (C, D)-quasi-Leibniz 
quantum compact metric spaces (21, La) and (18, Lijs), a (C, D)-tunnel from (21, La) 
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to (25,1(8) is a Fc,D-tunnel, where Fc,d ■ (a, b, la, lb) G [0, cx))^ !->■ C{alb + bla) + 
Dlah- 

Tunnels always exists between any two quasi-Leibniz quantum compact metric 
spaces, as in [16, Proposition 4.6]. We will include this construction later on for the 
benefit of the reader, and then we will be able to use this construction to provide 
a bound on the propinquity. 

We assign a numerical value to a tunnel designed to measure how far two quasi- 
Leibniz quantum compact metric spaces are, or rather how long the given tunnel 
is. As a matter of notation: 

Notation 2.17. The Hausdorff distance on compact subsets of a compact metric 
space {X, m) is denoted by HauSm. If N is a norm on a vector space X, the Hausdorff 
distance on the class of closed subsets of any compact subset of X is denoted by 
Hausjv. 

Notation 2.18. For any positive unital linear map tt : 21 ^ *B between two unital 
C*-algebras 21 and 25, the map tp G o5^(25) hS-iponG o5^(2l) is denote by tt*. 

Definition 2.19. Let (2li, Li) and ( 2 I 2 , L 2 ) be two F"-quasi-Leibniz quantum com¬ 
pact metric spaces for some permissible function F : [0, 00 )^ —>■ [0, 00 ). The extent 
X (t) of an F"-tunnel t = (2), Lx), tti, 712 ) from (2li, Li) to ( 2 I 2 , L 2 ) is the real number: 


max|HauSn,kL33 (=2^(S),7r*(.y (2lj))) : j G {1,2}|. 


We now see that tunnels always exist: 

Proposition 2.20. Let F be a permissible function and let (21, La) and (18, Lq 3 ) be 
two F-quasi-Leibniz quantum compact metric spaces. Let: 


D = maxjdiam (.5^(21), rnkL^), diam (.5^(*B), mkL^,)} . 


Then for all e ^ 0 such that D e > 0, there exists an F-tunnel t with: 


X(r) < D -k e. 


Proof. We follow our earlier work in [16, Proposition 4.6]. 

Let be a separable, infinite dimensional Hilbert space. Since 21 and 25 are 
separable (as the weak* topologies on their state spaces are metrizable), they both 
admit respective faithful unital representations 7ra and tt® on Jtf. Let O be the 
C*-algebra of all bounded linear operators on J^. 

We now define an P-tunnel as follows. Let e ^ 0 be chosen so that D e > 0. 
For any a £ sa (21) and b G sa (25), we set: 



L (a o a', 6 o 6') ^ maxi Loi la o a'l. Lo? 1& o &'L -IItts?! (aa') — Tr<K 166'llloI 






A COMPACTNESS THEOREM FOR THE DUAL GROMOV-HAUSDORFF PROPINQUITY 11 


while similarly: 

Hall'S! L>b(6), Lb(& 0) ^ ^(ll(a, ll(a^ L(a, b), L(a', b')) 

and 


l|a||2l- 


Ika(Q') - 7r>B(y)||a 

D + e 


w\ 


<»- 


||7ra (a) - 7rs(6)||a 
D + e 


< Fi\\{a, &)||a®<8, ||(a', feOlla®©, L(a, b), L(a', b')). 


The same computation holds for the Lie product. Thus in conclusion, L is f-quasi- 
Leibniz. 

Now, it is easy to check that (21 0 ?8,L, p 2 i)P®) is an F-tunnel, where p% : 
21 0 IB -» 21 and p® : 210 18 25 are the canonical surjections. 

Indeed, let a £ so (21) with L 2 i(a) < oo and fix ^ G .5^(21). Then for any state 

|(p(a - V'(a)la)| = \+{a) - ij){a)\ < T>La(a). 

Hence, we have: 

L(a,V'(a)lB) = La (a) 

since Li8('!/;(a)ls) = 0. Since La(a) ^ L(a, &) for any b £ sa(18), this shows that 
La is the quotient of L for pa- 

The same reasoning holds when 21 and 18 are switched. In addition, L is a Lip- 
norm on 21018 by [40]. Thus we have proven that (2t0l8, L, pa, ps) is an F-tunnel 
from (21, La) to (18, L^). 

The computation of the extent follows our work in [21]. Let p £ .5^(21). Since 
TTa is faithful, p defines a state on 7ra(2t), which we then extend by Hahn-Banach 
to a state p of H. Let ip = po ttqs and note that ip £ 

Now, if (a, b) G sa (21 0 25) with L(a, &) ^ 1, then: 

[p o pa(a, b) - Ip o p<s{a, 6)[ = [p(7ra(a)) - p(7r<8(&))[ ^ ||7ra(a) - 7r<8(&)||n ^ + e. 

Now, any state u G =5^(21018) is a convex combination tpopa + (1 — t)0op2s of a 
state p in ^(21) and a state 6 in ^(25) (by the bipolar theorem), for some t £ [0,1]. 
Using the above notations, we first find ip £ =5^(25) such that mkL(p o pa, ip o prg) ^ 
D + e, then we use the fact that mkL is convex in each of its variable to see that: 

mkL(tp o pa + (1 - t)0 o pi8,ti/) o P 5 S + (1 - t)9 o p<b) sp D + e. 

The reasoning above is symmetric in 21 and 25, hence our proposition is proven. 

□ 


The dual propinquity may be specialized to various subclasses of Leibniz quan¬ 
tum compact metric spaces. Somewhat different requirements can be made on the 
class of allowable tunnels; for our purpose we shall follow the notion of an appro¬ 
priate collection of tunnels, as in [20[. We begin with the following observation, 
which makes explicit use of Assertion (2.1) of Definition (2.4). 

Theorem 2.21. Let F be a permissible function. Let (21, La), (25, L©) and (€, Lc) 
be three F-quasi-Leibniz quantum compact metric spaces. Let Ti = (Si, Li, tti, 712 ) 
be an F-tunnel from (21, La) to (18,L(g) and T 2 = (S) 2 , L 2 , pi, P 2 ) be an F-tunnel 
from (18, Ls) to (£, Lc). Let e > 0. 

If, for all {di,d 2 ) Gsa(Di 02 ) 2 ), we set: 

l{di,d2) = maxi Li(di), L2(d2), ^ || 7 r 2 (rfi) - Pi(d2)||Q3 i , 
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and if Tji : {di,d2) G Di 0 ©2 7 ri(rfi) and 772 : {di,d2) G Di 0 ©2 i-G P2{d2), 
then T3 = (£>1 0 £2, L, r]i, 172) is an F-tunnel from (2t, La) to (£, Lc), whose extent 
satisfies: 

x{t3) < x(ti) 0x(t- 2) 0e- 

Proof. Let dom(Li) = {d G sa(£i) : Li(d) < 00 } and dom(L 2 ) = {d G sa(£ 2 ) : 
L 2 (d) < 00 }. Note that: 

dom(L) = {(di, d 2 ) G sa (£1 0 £ 2 ) : L(di, d 2 ) < 00 } = dom(Li) 0 dom(L 2 ). 

Let N{di,d 2 ) = ^\\T^ 2 {di) — pi{d 2 )\\<s for all (di,d 2 ) G dom(L). For all di,d) G 
sa(£i) and d 2 ,d 2 Gsa(£ 2 ), we have: 

N{dld[,d2d'2) < ||dl||s,7V(d;,d'2)0 ||d'2||£,,7V(dl,d2) 

< ||(<^i,'^2)||x)iex)2^(t^ii'^2) + Wid'i^ d2)\\:Di®:D2^ {di, d2) 

^ \\{di, d2)\\x)i<sx)2^idi, d2) + 11(d), d2)||si0£)2L(di,d2) 

^ <^ 2 ) 112 ) 102 ) 2 : ll(<^i>'^2)ll£)ie£)2: L(di,d2), L(d),d'2)) 

by Assertion (2.1) of Definition (2.4) . 

We then deduce immediately that for all di, d) G dom(Li) and d 2 , d) G dom(L 2 ): 

max{Af (di o d),d 2 o d)), N ({di,d)}, {d 2 ,d)})} 

< -F(||(dl,d2)||x)i©2)2: ll(<^l:t^2)l|2)l©Z)2i L(di,d2), L(d),d'2)). 

Thus it follows immediately that L is an F-quasi-Leibniz seminorm since Li and 
L 2 are. 

The proof of [20, Theorem 3.1] now applies to reach the conclusion of this theo¬ 
rem. □ 


We thus define, following [20, Definition 3.5[: 

Definition 2.22. Let F be a permissible function. Let C be a nonempty class 
of F-quasi-Leibniz quantum compact metric spaces. A class F of F-tunnels is 
(C, F)-appropriate when: 

(1) for all (21, La) and (fB, L^s) in C, there exists t gT from (21, L>a) to (05, L^), 

(2) if there exists an isometric isomorpism h : (21, La) —>■ (05, Lb) for any two 
(21, La), (*B,Lb) in C, then both (21, La, ida, h) and (fB, L®, id®) are 
elements of T, where id^ is the identity map on any set F, 

(3) if T = (£, L, TT, p) G T then = (£, L, p, tt) G T, 

(4) if (£, L, TT, p) G T then the co-domains of tt and p lie in C, 

(5) if Ti, r 2 G T and e > 0, then the tunnel rs defined by Theorem (2.21) also 
lies in T. 


Let F be a permissible function, and let C be a nonempty class of F-quasi- 
Leibniz quantum compact metric spaces. Let F be a (C, F)-appropriate class of 
F-tunnels. Let (21, La) and (05, L®) be in C. The set of all F-tunnels in F from 
(21, La) to (*B, Lb) is denoted by: 


(21,La)^(‘B,LB) 


The main tool for our work is a distance constructed on the class of quasi-Leibniz 
quantum compact metric spaces. This distance is a form of our dual propinquity 
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adapted to quasi-Leibniz quantum compact metric spaces, and its construction is 
modeled after the Gromov-Hausdorff distance [8, 7]: 


Definition 2.23. Let be a permissible function. Let C be some nonempty class 
of L"-quasi-Leibniz quantum compact metric spaces and let T be a class of {C,F)- 
appropriate tunnels. 

The F -dual Gromov-Hausdorff propinquity A^((2l, La), (fB, L®)) between two F- 
quasi-Leibniz quantum compact metric spaces (21, La) and ($, Lig) is the number: 


inf 



: T S 


(21, La) 



Notation 2.24. We simply shall write Ap for the dual propinquity defined on the 
class of all T'-quasi-Leibniz quantum compact metric spaces, using the class of all 
F-tunnels, for any permissible function F. Moreover, if C ^ 1 and D ^ 0 are given, 
and if Fq^d ■ x, y, lx, ly >—>■ C(xly -L ylx) + Dlxly, then Ap^ ^ will simply be denoted 

^C,D- 


The original construction of the dual propinquity [18] involved the length of a 
tunnel, rather than its extent. The extent [20] was useful to obtain the triangle 
inequality more easily. However, estimates on the dual propinquity may be easier 
to derive using our notion of length. The length and extent are equivalent, in the 
sense described below. 


Definition 2.25. Let L" be a permissible function. Let r = (2), Ls,?!^,?!®) be a 
F-tunnel from (21, La) to (*B, Lrg). 

(1) The reach of r is: 

p (r) = Haus,nk,^ « (.^(21)), (.^($))). 

(2) The depth of r is: 

5{t) = Haus,,k,^ (.^(D), CO (t^ (.5^(21)) (=^(*B)))), 

where co (X) is the closed convex hull of X. 

(3) The length of r is: 

A(r) = max {5 (r),p(r)} . 

Using the proof of [20, Proposition 2.12], we obtain: 

Proposition 2.26. Let F be a permissible function. For any F-tunnel t, we have: 

^ x(t) 2A(r). 

In [18, 20], we proved that the dual propinquity is a complete metric on the class 
of Leibniz quantum compact metric spaces; in particular it satisfies the triangle 
inequality and distance zero between two Leibniz quantum compact metric spaces 
implies that they are isometrically isomorphic. The same holds in our present con¬ 
text. We simply explain in the proof of our theorem how to modify some estimates 
in [18, 20] to obtain the desired result. 

Notation 2.27. The diameter of any metric space {X, m) is denoted by diam {X, m). 

Theorem 2.28. Let F be an admissible function. LetC be some nonempty class of 
F-quasi-Leibniz quantum compact metric spaces and let F be a {C, F)-appropriate 
class of F-tunnels. 

The F-dual propinquity Ap is a metric on C, i.e. for all (21, La), (18, L®) and 
(2), Ls) in C: 
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(1) We have: 

Af((2t, L 2 t),(<B,L 5 i)) <oo, 

( 2 ) Af ((21, La), (», L 55 )) = Af ((», L®), (21, La)), 

(3) We have: 

Af ((21, La), (S), Ls)) ^ Af ((21, La), (», L<b)) + Af((», L<8), (S), Lj,)), 

(4) A^((2t, La), (®, Lig)) = 0 if and only if there exists an isometric isomor¬ 
phism between (21, La) and (25, L^), 

(5) «/dist,j is the quantum Gromov-Hausdorff distance, then: 

dist,((2l. La), (25, L^j)) s: A:)-((2t, La), (25, L^)). 

Moreover for all F-quasi-Leibniz quantum compact metric spaces (21, La) and 
(®, L(g), we have: 

AJ.((2l, La), (25, L^)) < max{diam(=y(2l), rnkL^), diam (^(®), rnkL^,)} . 

Furthermore, if GH is the Gromov-Hausdorff distance, (X, dx) and (y,dy) are 
two compact metric spaces, and if Lipj^- and Lip-^ are the Lipschitz seminorms 
associated, respectively, with the metrics dx and dy, then: 

Af ((C(X), Lip;,), {C{Y), Lip^)) ^ GH((X, dy), (F, dy)), 

where C{X) and C(Y) are the respective C*-algebras of G-valued continuous func¬ 
tions over X and Y. 

Last, if F is continuous and permissible, then Af is a complete metric on the 
class of all F-quasi-Leibniz quantum compact metric spaces. 

Proof. The proofs are given in [21, 20], for the case when F : x,y, lx, ly >—t xly +ylx- 
The more general setting of this paper is however an immediate consequence of the 
work in [21, 20], once we make the following simple observations. 

(1) The dual propinquity is finite by Definition (2.22). Moreover, Proposi¬ 
tion (2.20) shows that, if we simply work with all F-tunnels, we obtain 
the desired upper bound for the propinquity between two F-quasi-Leibniz 
quantum compact metric spaces. 

(2) The dual propinquity is symmetric by Definition (2.22) and since the extent 
of a tunnel equals to the extent of its inverse. 

(3) Using Theorem (2.21) in place of [20, Theorem 3.1], we can deduce that the 
dual propinquity satisfies the triangle inequality on the class of U-quasi- 
Leibniz quantum compact metric spaces as in [20, Theorem 3.7]. 

(4) [21, Lemma 4.2, Proposition 4.4, Corollary 4.5, Proposition 4.6] remain 
unchanged in our setting. 

(5) [20, Proposition 2.12] remains unchanged as well. 

(6) The estimate in [21, Proposition 4.8] should be modified very slightly. Let 
T = (J), L2),7ra,7rs) be an U-tunnel from (21, L> 2 t) to ($,L>b). We recall 
from [21, Definition 4.1] that for a € so (21) with L 2 i(a) < 00 and for all 
I ^ La (a), the target set U {a\l) is the set: 

tr (a|/) = {TT<s{d) : d € sa {D),TT^{d) = a, L 2 )(d) ^ /} . 

If a, a' S sa(2l) with max{La(a), La(a')} ^ I for some I > 0, and if 
d,d' S sa(2)) with 7ra(d) = a, 7ra(d') = a' and maxjLs(d), L® (d')} ^ I, 
then by [21, Proposition 4.6]: 

IMIls ||a||a -L 2lx (r) and ||d'||s ^ |]a'|la + 2lx (r). 
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Consequently, using the i^-quasi-Leibniz property of L®: 

L2,(dod') ^i"(||db,||d'||s,Ls(d),Ls,(d')) 

^(llalk + 2/x (r), lla'Ila + 2lx (r), /, /). 

Thus one may conclude that, if 6 € C {a\l) and b' € C (a^|0 then: 

(2.6) bob' Gtriao a'|F(||a|| 2 i + 2lx (r), ||a'||a + 2lx (r), /, /)). 

A similar modification of [21, Proposition 4.8] holds for the Lie product. 
Moreover, we observe that we could substitute the tunnel length to its 
extent in the above inequalities. 

(7) One may now check that the proof of [21, Theorem 4.16] carries unchanged, 
except with the use of Expression (2.6) in lieu of [21, Corollary 4.14, Propo¬ 
sition 4.8[. It is easy to verify that the change in the constant involved in 
the target set does not impact the proof at all: the key is that this value 
does not depend on the choices of lifts. Thus [21, Theorem 4.16] holds. 

(8) [18, Theorem 5.5, Corollary 5.6, Corollary 5.7] all carry over unchanged 
thanks to Assertion (2.1) of Definition (2.4). We will make a brief comment 
after this theorem about the quantum propinquity and E-quasi-Leibniz 
quantum compact metric spaces. 

(9) For completeness, we assume that F is continuous, in addition to being 
permissible. [21, Section 6] can be entirely rewritten with E-quasi-Lip- 
norms. The only place where we must be careful is in the proof of [18, 
Lemma 6.24[. Using the notations of [18, Hypothesis 6.4, 6.5[, we note that 
the seminorms Sjv in [18, Lemma 6.24[ is E-quasi-Leibniz, and thus, with 
the seminorm Q of [18, Lemma 6.24[ satisfies, for all f,g G d and for all 
e > 0: 

Q(/ og) (ll/b + e, \\gh + Q(/) + Qig) + ■ 

Using the continuity of E, we thus get: 

Q{fog)^F{\\fh,\\gh,Q{f),Q{g)). 

The same process applies to the Lie product. Thus Q is indeed a E- 
quasi-Leibniz quantum compact metric space. Thus, a Cauchy sequence 
of E-quasi-Leibniz quantum compact metric spaces converges, for the dual 
propinquity, to a E-quasi-Leibniz quantum compact metric space. 

This concludes our proof. □ 

Remark 2.29. We emphasize that Theorem (2.28) requires that we first fix a per¬ 
missible function E; if we were working on the class of all quasi-Leibniz quantum 
compact metric spaces, then the estimates needed for Theorem (2.28) would not 
be valid any longer, since we would essentially lose control of the quasi-Leibniz 
property. 

We conclude this section with a brief remark on extending the quantum propin¬ 
quity to quasi-Leibniz quantum compact metric spaces. The quantum propinquity 
[16[ is a specialized version of the dual propinquity, where for any two Leibniz 
quantum compact metric spaces (2t, La), (25, L>b), all the tunnels from (2t, La) to 
(18, Lrg) are of the form: 


(21 © 18, L,7ra,7rB) 
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where 7 ra and tt<s are the canonical surjections onto 21 and 25, respectively, and for 
all (a, b) € 21 © 25, the Lip-norm L is of the form: 


(2.7) 


L(a,6) = max<{ L2i(a), L<b( 1 i), ^||/Oa(a)a; - a;pa3(6)||x) 


where 53 is some C*-algebra, pa : 21 ^ 2) and p® : 25 2) are unital *- 

monomorphisms, and w G 2) is an element of 2) such that there exists at least 
one state p G J^(D) such that: 


p((ls) - a;)(l2) - co)*) = ip((ls - a;)*(lx) - w)) = 0. 


Of course, the key question is to choose A > 0 appropriately in Expression (2.7). 
This intriguing question is in fact the entire purpose of [16], which presents the 
construction of the quantum propinquity in quite a different manner. 

The quadruples 7 = (2),a;,pa,p®) are called bridges in [16]. The quantum 
propinquity was our first construction of a metric adapted to Leibniz quantum 
compact metric spaces, and the particular form of tunnels involved provide some 
potential algebraic advantages, such as the construction of matricial versions of 
these Lip-norms. As any specialization, the quantum propinquity is stronger than 
the dual propinquity in general. The key aspect of the construction of the quantum 
propinquity is to associate a length A ( 7 |L> 2 t, L>b) to a bridge 7 , and then A in 
Expression (2.7) may be chosen as A ( 7 [La, L©) + e for any £ > 0. With such a 
choice, the length of the tunnel given by Expression (2.7) is no more than A. In 
particular, the quantum propinquity provides a useful technique to compute bounds 
for the dual propinquity (see for instance [ 21 ]). 

Assertion (2.1) of Definition (2.4) proves that Expression (2.7) leads to a F-quasi- 
Lip-norm if L 21 , L^s are F-quasi-Lip-norms. One can then verify that the quantum 
propinquity extends to a metric to the class of F-quasi-Leibniz quantum compact 
metric spaces for any permissible F, without any modification to our notion of 
bridge. 


3. Compactness for some classes of Finite Dimensional quasi-Leibniz 

QUANTUM COMPACT METRIC SPACES 

We begin this section with a characterization of quasi-Leibniz seminorms based 
upon their unit balls. We recall that a convex subset S' C 21 is balanced if {Ax : 
X S S} C S for all A S [—1,1]. If L is a seminorm on some R-vector space A 
then {x S A : L(x) ^ 1} is convex and balanced. Conversely, if S is a convex 
and balanced subset of A, then the gauge seminorm or Minkowsky functional L 
associated with S is the seminorm on A defined by L(x) = inf{A > 0 : x G AS} for 
all X G A. In particular, if A is a normed vector space, then these constructions 
establish a bijection between the set of closed, convex balanced subsets of A and 
the seminorms on A which are lower semi-continuous with respect to the norm of 
A. 

Lemma 3.1. Let % be a C*-algebra. Let 6 be a closed, balanced convex subset of 
sa(2l). Let F : [ 0 , 00 )“^ [0,oo) such that: 

(1) F is a permissible function, 

(2) for all (x, y, lx, ly) G [0, oo)"^ and for all we have: 

F {^Xx, py, \lx, p>ly') ^ XpF (px ,y ,lx ,ly') • 


A COMPACTNESS THEOREM FOR THE DUAL GROMOV-HAUSDORFF PROPINQUITY 17 


(3) F(x, y, ■, •) is continuous for all x,y G [0, oo). 

The Minkowsky functional L of & is F-quasi-Leibniz if and only if for all a,b G &: 
aobG i^(||a||a,||6||a, 1,1)6 

and 

{a,b} G -F(||a|| 2 i, ||6||a, 1,1)6. 

Proof. Assume that L is a i^-quasi-Leibniz seminorm. Let a,b G &. If a = 0 or 
6 = 0 then aob = {a,6} = 0 and thns: 

ao6,{a,6} € 0-6 C F(||a||a, ||6||2i, 1 , 1)6 

since 0 G ©. Henceforth, assume a,b ^ 0. 

We observe, as is a permissible function, L(a),L(6) ^ 1 and L is F-quasi- 
Leibniz: 

L(a o 6) ^ F(||a||a, ||6||a, L(a), L(6)) ^ F(||a||a, ||6||a, 1,1). 

Since a and 6 are nonzero, F(||a||a, ||6||a, 1,1) ^ l|a||a + ll^lla > 0, and thns 


( F(a,M,i) Q°^) < i-e- 


F(||a||a.||b||a.Ll)“° ^ ^ 

aobG F(||a||a,||6||a, 1 , 1 ) 6 . 


We obtain a similar result for the Lie product, and thus our condition is necessary. 
Assume conversely, that for all a, 6 G G we have: 

aob, {a, 6} G F (||a||a, ||6||a, 1,1) 6. 

Let a, 6 G dom(L). Assume first that L(a)L(6) >0. We then have L(a)“^a, L(6)“^6 G 
G and thus: 

1 ll°^lla ll^lla 

L(a)L(6) L(a) L(6) 




i.e. 


1 


L(a)L(6) 


o 6 I ^ F 


l|Q||a l|6||a , , 
L(a) ’ L(6) ’ ’ 


Consequently: 


1 


o 6 


L(a)L(6) 

a||a ll^lla 


L(a o 6) = L(a)L(6)L 


Se(||a||5„||4|la,L(o),L((,)). 

Now, assume L(a) = 0 and L(6) > 0. Let A > 0. Since L(A“^a) = 0 we have 
A“^a G G. Of course, L(6)“^6 G G. Hence: 


so 


and thus: 


(A-ia)o(L-i(6)6) GF(^A-i||a||a,|^ 

L ((A-'a) o (L-i(6)6)) ^ F (^A-i||a||a, 

L(ao6) <F(||a||a,||6||,8,A,L(6)). 


, 1,1 6 


, 1,1 
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As A > 0 is arbitrary, by partial continuity of F, we conclude that: 

L (a o 6 ) < Fdlalla, || 6 || 2 i, 0, L( 6 )) = F(||a|| 2 i, ||&||a, L(a), L( 6 )), 

as desired. The case L(a) > 0, L( 6 ) = 0 is dealt with symmetrically. 

Last, if L(a) = L( 6 ) = 0, then again, for all /r, A > 0, we have: 

(A"^a) o (^“^ 6 ) e F (A"d|a||a,/^”^ll^ll' 8 ,l, l) © 

and thus L(a o 6 ) ^ fdlajla, |l&||a. A,/i). Again, since A,/i are arbitrary positive 
numbers and by partial continuity of F, we conclude that: 

L(a o &) < F(||a||a, ll&lla, 0,0) = i^dlalla, || 6 || 2 t, L(a), L( 6 )). 

The proof is analogous for the Lie product. This concludes our lemma. □ 

Corollary 3.2. Let ^ he a C*-algebra. Let 6 be a closed, balanced convex subset 
ofsa (21). Let C ^ 1 and D ^ 0. The Minkowsky functional L of & is (C, D)-quasi- 
Leibniz if and only if for all a,b € &: 

ao b € [C d|a||a + ll^llsi) + D]G 

and 

{a, 6 } G [C d|a||a + ||fo||' 2 i) F D]&. 

Proof. Apply Lemma (3.1) with F : {x, y, lx, ly) € [0, cxd)"^ i-a C{xly + ylx) + Dlxly 

□ 

Corollary (3.2) demonstrates the application of our work to a special case of 
quasi-Leibniz quantum compact metric spaces which will play a central role in the 
last section of this paper. Other possible examples of applications of Lemma (3.1) 

include such functions as {x, y, lx, ly) >->■ C {x^ly + y^lx + Dl^l^) ” for p > 1, I? > 0 
and C ^ 2^~p, and the sum of such functions with the permissible functions of 
Corollary (3.2), for instance. 

One important use for Lemma (3.1) is to help determine whether a seminorm 
whose unit ball is constructed as the Hausdorff limit of the unit balls of quasi- 
Leibniz Lip-norms possesses a quasi-Leibniz property. The following result will 
help with these considerations. 

Lemma 3.3. Let % he a C*-algebra, and let F : [0, oo)^ !—>■ [0, cx)) be a permissible 
function such that i^(',',l,l) is continuous. For all n € IN, let £« be a closed, 
balanced convex subset of 5a (21) such that, for all a,b G £,n we have: 

aoa',{a,a'] S F(||a|| 2 i, ll&Ha, 1 , 1 )-Cn. 

If (£ri)„gfj converges to some closed set £ for the Hausdorff distance associated 
with the norm || • ||> 2 t, then £ is a balanced convex subset of sa (21) such that, for all 
a, a' S £, we also have: 

a o a', {a, a'} € F (||a|| 2 i, || 6 ||a, 1,1) £• 

Proof. Let Ha us be the Hausdorff distance on closed subsets of 21, associated with 

II-Ik- 

Let a,b G £ and let £ > 0. If either a or 6 is 0 then a 6 = 0 G F(||a||a, || 6 || 2 i, 1,1)£ 
trivially, so we henceforth assume that a 0,6 0 and we further impose that 

£ < imin{||a||a, ll&lla}- 
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By continuity of there exists ^ > 0 such that for all x,y ^ 0 with 


\x - ||a||a| ^S,\y- ||&||a| ^ S, we have: 


iJ^dlalla, || 6 ||a, 1,1) - F{x, y, 1,1)| < e. 


Let a = min{e, J}. 

There exists iV G IN such that for all n ^ we have Haus(£„,£) ^ a. Let 

n ^ N. 

Thus there exists G £„ such that: 

||a - c„||a ^ a and ||6 - d„||a < a. 

Note that thanks to our choice of e, we can assert that c„, ^ 0. 

By assumption on L„, we have: 

Cji o dyi G -T (11 Cji II a? ||dyj||a; I? 1) £n ■ 

To ease notations, let A„ = F(||c„||a, ||dn||a, 1, !)■ Note that since |||c„||a — 
||a||a| ^ S and |||d„|| - || 6 ||a| ^ S, we have: 

|A„-F(||a||a,||&||a, 1,1)1 ^ 

Let e„ G £ such that ||c„ o — A„e„||a ^ A„a. 

On the other hand, we note that since a, b, Cm dn are self-adjoint: 

||ao & - c„ o d„||a ^ i (||a6- c„d„||a + ||6a - d„c„||a) 

= ^ (||a6- Cnd„||a + ||(a6- c„d„)*||a) = ||a6- c„d„||a 


^ ||«||a||^ — rfn||a + |ldra||a||a — c„||a- 


Therefore: 

||ao 6 - c„ o d„||a ^ ||a||a||& - dn\\% + ||d„||a||a - c„||a ^ ||a||aQ: -I- (||&||a + a)a. 
We note that F{x, y, 1,1) ^ a: -I- y > 0 if a; or y are strictly positive, so: 


ll^^nlla ^ o: “t“ A^ ||cn o dyjlla 


cT -U _ 

" F(||c„||a,|M„||a,l,l) 

, { h\k + e)mk + e ) 


Cn||a|Mn||a 


^ I \ ' -"y V r" ' ''j 

f\ _L _I_ 

^ +F(||a||a-e,ll&l|a-e,l,l) 

911 a 11 oi 11 & 1191 
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Consequently: 

||ao 6 - i^(||a||,2t, ll&lla, 1, l)e„||a 

^ ||a o6 - c„ O dn\\% + \\cn o - A„e„||a 

+ Il(^(ll®ll 2 ti ll^llaii 1 ; 1 ) ~ A„) 

^ £(||a||a + ll^lla + e) + A„£ 

+ I-P'diallsi, ll&lla, 1,1) - A„| ||e„||a 
^e(||a||a + ||&||a + e) + (^( II alia, ||^||a,l,l)+e)£^ 

+ £||en||a 

^e(||a||a + || 6 ||a + £) + (^(l|a||a, ll^lla, 1,1) + e)^ 

_ 9||a||a||fc||a 

4F(i||a||a,i||6||a,l,l) 

= ^{e)- 

Hence, as e € (O, ^ min{||a||a, ||&||a}) is arbitrary, by continuity of F(-, •, 1,1), and 
since £ is closed, we conclude that: 

ao&e-F(||a||a, || 6 ||a,l,l)- 2 - 

The same proof holds for the Lie product. This proves the key fact of our lemma. 
As the Hausdorff limit of a convex balanced set, it is easy to see that £ is balanced 
and convex. Indeed, ii a, b € £, then for all n G IN there exists an, bn G £« such 
that ||a - a„||a ^ Haus(£„,£) + and ||6 - 6 „||a Haus(£„,£) + 

Now, if t G [ 0 ,1], then tan + (1 ~ t)bn G £„ since £„ is convex. Therefore, there 
exists Cn € such that ||c„ — {tan + (1 — i)&ri)||a ^ Haus(£„,£) + Now: 

||ta + (1 - t)b - c„||a < ||t(a - a„) + (1 - t)ib - 6„)||a 

2 

+ ||ta„ + (1 - t)bn - c„||a ^ 2 Haus(£„,£) H-—. 

n + 1 

Since lim„^oo 2 Haus(£, £„) + = 0 , we conclude that (c„)„g]N converges to 

ta+ {1 — t)b, and since £ is closed, we have ta + {1 — t)b G £. The same reasoning 
applies to show that £ is balanced as well. □ 

Lemmas (3.1) and (3.3) suggest the following definition, which we will use in 
formulating our main results: 

Definition 3 . 4 . A permissible function F : [ 0 , oo)^ —> [ 0 , cxd) is strongly permissible 
when: 

( 1 ) F is continuous, 

( 2 ) for all {x, y, lx, ly) G [ 0 , cx))^ and for all A, /r > 0 we have: 

XpF{x, y, lx, ly') ^ F{Xx, yy, Xlx, y'ly)- 

We now establish a first compactness result, which serves as the basis for our 
main compactness theorem on quasi-Leibniz quantum compact metric spaces in the 
next section. 


Notation 3.5. If (21, L) is a quasi-Leibniz quantum compact metric space, then the 
diameter of .5^(21) for the Monge-Kantorovich metric mkr is denoted by diam (21, L). 
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Theorem 3.6. Let F be a strongly permissible function and let QQCA4 Sf be the 
class of all F-quasi-Leibniz quantum compact metric spaces. Let c? S IN \ |0| and 
K>0. The class: 

Cp.K.d = {(21, L) € QQCAdSp '■ dime 21 ^ d and diam (21, L) ^ if} 

is compact for the dual propinquity /\*p. 

Proof. Let (2t„, Lji)„g]N be a sequence in Cp^K.d- Let DJtd be the C*-algebra of dx d 
matrices. 

First, fix n S IN. We identify the C*-algebra 2l„ with a C*-subalgebra of fOld as 
follows. Up to ^-isomorphism, we can write 2l„ = where J = {1,..., dj 

and t{l) ^ t{2) ^ ^ t{d). We note that t may be zero for some j € {1, ..., d}, 

and the zero set of t is a tail of J. 

Let j G d}. Let s{j) = X]fc=i ^(d) ^^id set s(0) = 0. We now let Qj be 

the projection given as the diagonal matrix whose only nonzero entries are 1 on the 
diagonal, from row s(j — 1) + 1 to s(j), i.e. in block form: 

/OsQ-l) 

Qj = I IsO)-s(i-i) 

V Od-s(j) 

Of course the projections Qj are orthogonal and sum to the identity of fOld- 

It then follows trivially that 2l„ is isomorphic to 2l(j = 'Yhjpj Qj'^dQj- Let 
Tin '■ 2l„ ^ 2t(j be the *-isomorpism thus constructed. Note that 7r„ is not a unital 
map from 2ln into 971^- 

If 1„ is the unit of 2t„ for all n G M, then (7r„(l„))„g]N is a sequence of diagonal 
projections, i.e. diagonal d x d-matrices with entries in {0,1}. Thus, there exists a 
constant subsequence (7rg(„) (lg(„)))jig]N, with value denoted by p, of (7r„(l„))jig]N. 

Let 25 = pfUldP. Note that for all n G IN, the map p7rg(„)p : 2l„ —?► 25 is now a 
unital *-monomorphism. We shall henceforth omit the notation adp7rg(„) and simply 
identify 2lg(„) with _p7rg(„) (2lg(„))p. We emphasize that with this identification, 

Let 91 = {b G sa(25) : ||&|| ^ K} be the closed ball of center 0 and radius 
K in sa(*B). Since sa(25) is finite dimensional, the set 95 is compact in norm. 
We shall denote by Haus the Hausdorff distance defined by the norm of so (*8) on 
the compact subsets of 95. Since 95 is compact in norm, Haus induces a compact 
topology on the set of compact subsets of 95 as well [3, Theorem 7.3.8]. 

Let us fix a state ip of $, and identify p with its restriction to 2lg(„), which is a 
state of 2tg(„), for all n G IN. 

Now, for all n G IN, let: 

'Ln {u G SCI (21g(n)) ■ Lgf^j(u) ^ l} 

and 

Dn = {a G : p{a) = 0}. 

Fix n G IN. By construction, we check that £„ = + Rl®, since for all a G 

sa (2lg(„)) we check easily that Lg(„)(a ± p{a)ln) = Lg(„)(a). On the other other 
hand, we note that £>„ is a compact subset of 95 since diam (.5^(2l„), mkL„) ^ K. 
Indeed, if a G then, for all ip G =5^(2tg(„)), we have: 

fy(a)| = \ipia) - p{a)\ mk\_(p,ip) < K. 
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Moreover, compactness of follows from Theorem (2.14) since is a 

quasi-Leibniz quantum compact metric space for all n £ IN. 

Thus, there exists a convergent subsequence {'Df(^n))nen of (Sri)nGiN for Haus, 
whose limit we denote by 2 ). 

We now define £ = 2) -f Rl^s- Let us first check that converges to £. 

Let e > 0. There exists £ IN such that for all n ^ N, we have: 

H3us||.||^( 2)/(„),2)) ^ e. 

Let n ^ N. We observe that, for any a £ 'Qf(n), there exists a' £ ^f(n) ^-nd 
t £ R such that a = a' + tl<s- Now, there exists 6 ' £ 2) such that \\a' — fo'll® ^ e. 
Let b = b' + £ £. Then ||a — 6 ||>b = \\a' — 6 '||>b < £, so £/(„) is included in an 

e-neighborhood of £. Using a symmetric argument, we conclude: 

Haus (£/(„),£) < £ 

and thus (f^/(n))„gj.j converges to £ for the Hausdorff distance Haus. 

Moreover, 2) = {a £ £ : ip{a) = 0} by construction and continuity of ip. Last, as 
2) is compact, hence closed, the set £ = 2) -I- Rl© is closed as well: if (/„)nGiN G £ 
converges to some I in 18 then (In — p>{ln)^<B)ne¥i is a sequence in 2D, and thus by 
continuity of (p and since 2) is closed, I — £ 2). Thus I £ £. 

For all 6 £ sa (* 8 ) we define: 

L( 6 ) = inf{A > 0 : 6 £ A£}. 

Using our assumptions on F, by Lemma (3.3), the set £ satisfies Lemma (3.1), 
and thus L is a U-quasi-Leibniz seminorm. 

Certainly L may assume the value oo. Let .3 = dom(L) be the set of self-adjoint 
elements in 18 for which L is finite. 

If a, 6 £ 3 then: 

L(a o b), L({a, 6 }) < F’(||a|| 2 i, ll&lla, L(a), *-(&)) < oo 
so 3 is a Jordan-Lie subalgebra of sa (18). We define: 

21 = {&£ » : 3fi(6),3(&) £3} 

and we check that 2t is a C*-subalgebra of 18 with the same unit as 18 and such 
that sa ( 2 t) = 3 - 

If L(a) = 0 for some a £ 3, then we have L(a—(/j(a)la) = 0 as well since L(l 2 i) = 0 
and L is a seminorm by construction. Thus a — p(a)h 2 i G 2D. Now, for any t £ R, 
we have p(t{a — (/j(a)l 2 t)) = 0 and L{t{a — (/j(a)l 2 i)) = 0, so t(a — i^(a)l 2 i) £ 2D for 
all t £ R. Since 2D is norm bounded, we conclude that a = p(a)l% as desired. 

Since 2D C 91, for any two states £ =5^(21) and for all a £ £ we have 
\p(a) — 'ip(a)\ ^ K and thus diam (^5^(21), mkr) K. 

Moreover, since 2) is compact, we conclude that L is an U-quasi-Leibniz Lip- 
norm and (21, L) is an U-quasi-Leibniz quantum compact metric space by Theorem 
(2.14). 

We now prove that dim21 ^ d. First, for all n £ IN, let dn = dimRSa (2lg(/(n))). 
By assumption, since dimjasa (2tg(/(„))) = dim® 2tg(/(„)), we conclude that dn £ 
{1,..., d}. Thus, there exists a constant subsequence (d/i(n))ne]N of (dn)ne]N. Set 
gi = g o f o fi and S = d/j(o) = d/j(i) = .... 

Now, we note that by construction, 3 is the linear span (over R) of £. Assume 
that we have a linearly independent family (ag)gg{i ,,, 5 _|_i} in £. Since £ is the limit, 
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for the Hausdorff distance, of (£g(n))riGiN, we conclude that for all j S {1, ■ ■ ■ ,<5}, 
there exists a sequence (a")neiN with a" G ^g(n) for all n € IN and lini„_>.oo a" = CLj- 
Fix n S IN. Then, as dim2lg(„) = <5, the family is linearly 

dependent. Thus there exists A",..., G R with: 

(5 + 1 

++ = 0 and max{|A"| : j = 1,..., (5 + 1} = 1. 
t=i 

Now, in particular, the sequences (A+„g]N are bounded, for all j in the hnite set 
{1,...,(5 + 1}. Thus, there exists a strictly increasing function 1/2 : IN —>■ IN such 
that for all j G {1,..., <5 + 1}, the sequence (Ay^"'^)„g]N converges to some Xj. Note 
that by continuity: 

max{|Aj| : j = 1,...,(5 + 1} = 1. 

On the other hand, again by continuity: 

5+1 

Xjaj = 0 . 

j=i 

This last two equations contradicts that , 5 _|_i is linearly independent. 

Thus, the span of £ is of dimension (over IR) at most S, thus at most d. Con¬ 
sequently, dime 21 = dimia span£ ^ d as desired. 

Now, we wish to conclude by showing that (2tg(/(„)), Lg(y(„p)„g]N converges to 
(21, L) for the quantum propinquity. Let e > 0. There exists iV G IN such that for 
all N, we have Haus(£go/(„),£) ^ e. Let now N. 

For all a G 2lgo/(„) and 6 G 21, we set: 

Nn{a,b) = -||a- fell®, 

£ 

and 

L”(a, 6 ) = max{Lgo/(„)(a),L( 6 ),iV„(a,&)} . 

It is easily checked that Nn is a bridge in the sense of [40, Definition 5.1]: in 
particular, if a G 2lgo/(n) with Lgo/(„)(a) ^ 1 then there exists 5 G £ with ||a—611® ^ 
e, which implies L"(a, b) ^ 1; similarly if 6 G 21 with L( 6 ) ^ 1, i.e. 6 G £, then there 
exists a G with ||a — 6 ||® ^ e and thus L"'(a, 6 ) ^ 1. 

Hence by [40, Theorem 5.2[, the seminorm L" is a Lip-norm. It is lower semi- 
continuous by construction, and it is easily checked that L” is F-quasi-Leibniz, as 
in our proof of Theorem (2.21). 

Let i^gof{n) b, Pn, p) with Pji . ^go/(n) ^ ^ 50 /( 71 ) (Hid p . '^gof(^ri) © 

21 -» 21 the two canonical surjections. By construction, r„ is an F-tunnel. 

The depth of t„ (Definition (2.25)) is null, and thus the length of Tn is its spread. 
Now, let p G o5^(2tgo/(n))- Let p' be a state of *8 given by applying the Hahn-Banach 
Theorem for positive linear maps to p. Let i/ be the restriction of /i to 21 and note 
that p G =5^(21) as 21 and 25 share the same unit. If (a,b) G 2lgo/(„) © 21 with 
L"(a, 6 ) ^ 1, then: 

lp(a) - u{b)\ ^ jja - 6 [|® ^ £. 

We may perform the same computation with 2lgo/(n) ^-nd 21 switched. Thus A (ra) ^ 
£. Thus X (Tn) ^ 2£. 
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Consequently: for all e > 0, there exists N G such that for all n ^ N, we 
have: 

^F((2lgo/(n), Lgo/(n)), (2t, L)) ^ 2e. 

Moreover, (21, L) is a F-quasi-Leibniz quantum compact metric space of diameter 
at most K and dimension at most d. This completes our proof. □ 

We conclude by observing that, using the notations of the proof of Theorem 
(3.6), the quadruple (25,1®, 6„, t) where : 2tgo/(n) ^ ® and 6 : 21 ^ IB are 
the inclusion maps, is a bridge for the extension of the quantum propinquity to F- 
quasi-Leibniz quantum compact metric spaces. Thus, Theorem (3.6) is also valid 
for the quantum propinquity. 

4. A COMPACTNESS THEOREM 

This section establishes the core result of our paper, which characterizes compact 
classes of quasi-Leibniz quantum compact metric spaces for the dual propinquity 
among all subclasses of the closure of finite dimensional quasi-Leibniz quantum 
compact metric spaces. Our reason for working within this closure is that our main 
theorem employs the following key notion, motivated by Gromov’s Theorem (1.1): 

Definition 4.1. Let f be a permissible function, and let QQCM.Sf be the class 
of all A-quasi-Leibniz quantum compact metric spaces. Let (21, L) be a T’-quasi- 
Leibniz quantum compact metric space and let e > 0. 

The covering number coyf (21, L|e) is: 

( 3(25, Lb) G QQMSf such that 

coYp (21, L|e) = min < n G IN : dime 25 ^ n and 

[ A>((2l,La),(<B,LB)) 

where by convention, min0 = oo. 

Our generalization of Gromov’s Gompactness Theorem (1.1) is given by: 

Theorem 4.2. Let F be a strongly permissible funetion. and let A be a class of F- 
quasi-Leibniz quantum compact metric spaces in the closure of the finite dimensional 
F-quasi-Leibniz quantum compact metric spaces for the dual propinquity A*p. The 
following assertions are equivalent: 

(1) A is totally bounded for Ap, 

(2) there exists a funetion f : (0, oo) —s- IN and K > 0 such that for all (21, La) G 
A, we have: 

• diam (21, La) ^ K, 

• for all e > 0 we have covp (21, La|e) ^ /(e)- 

Proof. Assume (2), i.e. assume that there exists / : (0, oo) IN and K > 0 such 
that for all (21, La) G A and e > 0, we have diam (.5^(21), rnkL^) ^ K and: 

covp (21, Lale) < f{e). 

Let e > 0. 

First, we note that if (21, La) G A, then there exists a F'-quasi-Leibniz quantum 
compact metric space (a, Lo) such that: 

• dime a ^ / (|), 

. A>((a,L„),(2l,La))«;|. 
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Consequently, we note that diam (a, La) ^ if + ^, since the function ($, L®) S 
A t-A diam (*B, Lig) is 2-Lipschitz for the quantum Gromov-Hausdorff distance, and 
thus for the dual propinquity, by [40, Lemma 13.6]. 

Now, by Theorem (3.6), the class: 

A, = |(*B, L) € QQCMSf : dime ® < / (|) and diam(<B, L) ^ iL + y | 

is compact for Ap. 

Let: 

g, = {(S, L 25 ) e A, : 3(a, La) S A A^((2l, La), (S, L®)) < |} . 

Since g^ Q J-e, we conclude that g^ is totally bounded for the dual propinquity. 
Thus, there exists a finite subset J7e of g^ which is | dense in g^ for A|;.. 

Therefore, up to invoking choice, there exists a finite subset A,, of A such that 
for all (*8, Ls) € Jg there exists (2t, La) G Ae such that A)^((2l, La), (S, L^)) ^ f. 
Now, let (2t, La) G A. There exists (a, Lq) G g^ such that: 

AJ,((a,L„),(a, La)) < |. 

Now, there exists (b, Lt,) G J"e such that: 

A;,((a,La),(b,L5)) < |. 

Last, by our choice, there exists (IB, Lsg) € Ae with: 

A:^((*B,L,5),(b,L,)) ^ 

Consequently: 

A;,((2l,La),(»,L<8)) 

^ A^((a, La), (a, L„)) + A;,((a, La), (b, Le.)) + A;,((b, Lt,), (», L®)) 

^ £. 

Thus Ae is e-dense in A for the dual propinquity, and is a finite set. Thus, A is 
totally bounded for A*p. 

Assume (1) now, i.e. assume that A is totally bounded. Since the function: 

(2t, L) G A diam (21, L) 

is 2-Lipschitz for the quantum Gromov-Hausdorff distance by [40, Lemma 13.6[, it 
is continuous, and thus it is bounded above since A is totally bounded. 

Now, let £ > 0. Since A is totally bounded, there exists a finite subset 21 e of A 
which is |-dense in A for Ap. For each (21, L) G there exists a finite dimensional 
F~quasi-Leibniz quantum compact metric space f(2l, L) such that: 

A^((2t,L),f(2l,L))^| 

by assumption on A. 

Let: 

f{e) = max {dime f(2t, L) : (21, L) G Ae} ■ 

If (21, L) G A, then there exists (*8 ,Ls) G Ae such that AJ.((2l, L), (*8, Lrg)) < |. 
Thus: 

A^((2t,L),f(»,L2i)) <£. 

Thus covp (21, L[£) ^ /(£) by definition. 
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This completes our proof. 
We thus conclude: 
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□ 


Corollary 4.3. Let F be a strongly permissible function, and let A be a class of 
F-quasi-Leibniz quantum compact metric spaces which lies within the closure of 
the finite dimensional F-quasi-Leibniz quantum compact metric spaces for the dual 
propinquity l\*p. 

The class A is compact for the dual propinquity /\*p if and only if there exists 
f : (0, cxd) —> IN and K > 0 such that: 

(1) for all (21, L) G A we have diam (2t, L) ^ K, 

(2) for all (2t, V) G A and for all e > 0, we have: 

covF (21, L|e) < /(e) 

(3) A is closed for /\p. 

Proof. By Theorem (2.28), the dual propinquity l\*p is complete (as F is continu¬ 
ous). The result then follows from Theorem (4.2). □ 

Thus, we are led to study the closure of finite dimensional quasi-Leibniz quan¬ 
tum compact metric spaces for the dual propinquity. This question proves tricky. 
However, our use of quasi-Leibniz Lip-norms, instead of Leibniz Lip-norms, allows 
us to establish that a large class of (C, D)-quasi-Leibniz quantum compact metric 
spaces lie within the closure of the class of finite dimensional (C", Z)')-quasi-Leibniz 
quantum compact metric spaces for arbitrary C > C ^ 1 and D' > D ^ 0. This 
will be the subject of the next section of this paper. 

5. Finite Dimensional Approximations for pseudo-diagonal 
quasi-Leibniz quantum compact metric spaces 

For an arbitrary Leibniz quantum compact metric space (21, L) and e > 0, it is 
not immediately clear how to find a finite dimensional C*-algebra 05 and a Leibniz 
Lip-norm L® on 18 such that A*((21, L), (18, L®)) ^ £. In this section, we propose 
to work with Leibniz quantum compact metric spaces whose underlying C*-algebra 
provides natural topological, finite dimensional approximations, and then attempt 
to construct Lip-norms on these approximations. As we shall see, however, these 
Lip-norms will be quasi-Leibniz. Yet, for any C > 1 and D > 0, and for any e, 
we will show that (2t, L) is within e-distance of some ((7, D)-quasi-Leibniz quantum 
compact metric space of finite dimension, for the dual propinquity, as long as 21 
satisfies a weakened form of nuclear quasi-diagonality, introduced below as pseudo- 
diagonality. Our result requires us to work within the framework of quasi-Leibniz 
quantum compact metric spaces and thus, we take this opportunity to establish 
the result of this section in greater generality: any pseudo-diagonal (C, £))-quasi- 
Leibniz quantum compact metric space is the limit of finite dimensional (C, D')- 
quasi-Leibniz quantum compact metric spaces for C > C and D' > D. 

We begin with our choice of a class of C*-algebras with a natural notion of 
topological finite dimensional approximation, relevant for our purpose: 

Definition 5.1. A unital C*-algebra 21 is pseudo-diagonal, when for all e > 0 and 
for all finite subset of 2t, there exist a finite dimensional C*-algebra 25 and two 
positive unital linear maps (^ : *8 —?> 2t and ■!/ : 21 —?► 18 such that: 

(1) for all a G U, we have \\a — ip o )l|a ^ e? 
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(2) for all a,b G we have \\tp (a o 6) — 'ip{a) o 'ip{b)\\<s < e, 

(3) for all a,b G we have jji/) ({a, b}) — {ipia), '!/'(&)}||® ^ £• 

Note that unital positive linear maps have norm 1, and thus are contractions. 
Definition (5.1) is motivated by a characterization of unital nuclear, quasi-diagonal 
C*-algebras, due to Blackadar and Kirchberg [2, Theorem 5.2.2]: 

Theorem 5.2 (Theorem 5.2.2, [2]). A unital C*-algebra 21 is nuclear Quasi- 
Diagonal if and only if, for all e > 0 and all finite subsets C 21, there exist 
a finite dimensional C*-algebra 18 and two contractive completely positive maps 
"0 : 21 —>■ *8 and : 18 —^ 21 such that: 

(1) for all a,b G d we have ||i/’(a6) — 'if{a)'ip{b)\\<s, ^ e, 

(2) for all a G ^ we have \\a — ip o '(/)(a)||a ^ e, 

Remark 5.3. With the notations of Theorem (5.2), if a € S' then ||a||a = ||a — 
</^('0(a))ll2i + \\V’{i’{a))\h ^ e + ||'0(a)||'B, i.e. 

Va G S ||a||a < ||V'(a)llB+£• 

This property, together with the first assertion of Theorem (5.2), characterizes 
quasi-diagonal C*-algebras, as proved by D. Voiculescu [41]. The existence of the 
map if, in turn, adds the nuclearity property. 

While Theorem (5.2) involves completely positive maps. Definition (5.1) only 
requires positive maps, as this suffices for our proof of finite approximation in the 
sense of the dual propinquity. On the other hand. Theorem (5.2) does not provide 
unital maps, while Definition (5.1) requires them, as we will find this useful — 
for instance, to map states to states. Nonetheless, unital nuclear quasi-diagonal 
C*-algebras are unital pseudo-diagonal. To this end, we show that we can, in 
fact, require the maps in Theorem (5.2) to be unital (see [26] for a similar problem, 
albeit a different construction which would fail to preserve our almost-multiplicative 
property). We begin with: 

Lemma 5.4. Let 'Qi be a unital C*-algebra such that, for every nonempty finite 
subset ^ of ^ and for every e > 0, there exists a finite dimensional C*-algebra 18q, 
and two positive contractions Pe : 18 q , —^ 21 and : 21 —>■ 18 q , such that for all 
x,y G 

(5.1) \\x - pe o A{x)\h ^ e 
and 

(5.2) \\llJe{x)lfe{y) ^e. 

Then for alls > 0 and for all finite subset^ C 2t, there exists a finite dimensional 
C*-algebra with unit !(. and two positive contractive map : 21 —> and 
: Se 2t such that, for all x,y G 

||a;-i?EO^-E(a:)]|2i < e 

and 

heix^iy) - ‘^e{xy)\y, ^ £ 

while: 

||le - fe(l2l)||Se ^ 
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Proof. Let "S be finite subset of 21. Let S'! = For all e G (0,1), by assump¬ 

tion, there exist a finite dimensional C*-algebra IBs and two positive contractions 
(fie : IBe —> 21 and : 21 —)• fBg such that, for all a,b € 

(1) W-ipeiab) - ilJe{a)ipe{b)\\<Be < e - 

(2) ||a - o'i/)e(a)||a ^ e - 

We shall henceforth tacitly identify fBg with some subalgebra of a full matrix 
algebra 

Let e G (O, I) and let: 

e 

3-f 2max{||a;||a||2/||a : a;,y G 3^i}’ 

By construction, e G (O, j). 

Our first observation is that '0^(1^) is a positive operator of norm at most 1 
since ipe is a positive contraction. Thus there exists a unitary u in OJle such that 
w'0e(l2i)'w* is a positive diagonal matrix less than the identity. Now, if we replace 
iff: with u'tpe{-)u* and (pe with ipe(u* ■ u), then we obtain a pair of maps which 
also satisfy Assertions (5.1) and (5.2) (up to replacing IBe with ufBeit*). We shall 
henceforth assume we have made this change. 

Thus, '0e(la) is a diagonal matrix which we denote by D such that 0 ^ O ^ 1. 
Now, by construction, ||'0g(la) — '0e(la ^ e — < i. Hence we conclude 

that the spectrum <j{D) of H is a compact subset of [0,e] U [1 — e, 1]; moreover 

[0,e]n[l-e, 1] = 0. 

Let P be the projection on the sum of the spectral subspaces of D associated 
with the eigenvalues in [1 — e, 1]. Thus 1 — P is the projection on the sum of the 
spectral subspaces of D associated with eigenvalues in [0, e]. 

Let now x G Then: 

\\ife{x) - Dil)^{x)D\\^^ 

^ \\i>e{x) - 1 pe{x)D\\^^ + \\ll}e{x)D - Dll}e{x)D\\<B^ 

= ||V'e(a;la) - '0e(a;)V'e(la)ll‘8. + II (V’e(la2:) - li)ei^^)'<fe{,x)) P||<B^ 

^ e -f e||P||®^ ^ 2e. 


Moreover: 

\\Dif^{x)D - P^e(x)P||i8^ = \\{D- P)ip,:{x)D\\<s.f + \\Pifeix){D - P)!!®^ 

^2||P-P||Bj|x||a. 

Now by construction, \\D — PH®^ ^ e. Thus: 

(5.3) 

WAix) - Pipe{x)P\\<Sf ^ Heix) - Dip,:{x)D\\<s^ -f \\Dip,:{x)D - Plf,:{x)P\\<Sf 
^ 2e(l -I- ||x||a)- 

The map = P'0g(-)P is a positive contraction by construction. We set = 
(fie- We now check that our construction leads to the desired conclusion, with 
= PlBeP. We rename P as !(.. We have: 

Pe - ?e(la)||«8. = IIP - PPP||<8. < £ ^ 
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Now let X G 5^1. Using Inequality (5.3): 

Ik - 'i?£(<?e(x))||a = Ik - </5e(fe(a;))l|2l 

= Ik - ^e{PA{x)P)\\<2l 

< Ik - ‘Pe{i’e{x))\\^ + Ikkkek)) “ ‘Pe{PA{x)P)\\^ 

^ e + ||'0£(a:) - P-!/'ek)-P||<Be 
^ e(3 + 2|k||a) ^ 

Last, let x,y Gdi- Since la G 5^1 as well, we obtain: 

lke(a;)Q(2/) - Ce(xy)||s, 

= \\PA{x)Plpeiy)P - P'ipeixy)P\\<B^ 

^ \\A{x)PMy) -A(.xy)\\^, 

< \\i’eix)P'4’eiy) - 'lpeix)lpe{y)\\<B, + \\i>eix)i>eiy) “ '4’eixy)\\^^ 

^ llk£k)(-P - £')ke(2/)l|25e + He{x)D'llj{y) - (?/) II Se + £ 

^ elkllalklla + llke(2^)ke(la)ke(2/) - ke(a;la)ke(y)l|25e + e 
^ elkllalklla + e||y||a + e = e(l + |k||a + |kllalklla) < £• 

Note (although not needed for our proof) that by symmetry, grouping la with y 
instead of x above, we get: 

lke(a:)Q(2/) - <^6{xy)\\<s, < e(l + min{|k||a, Iklla} + lklla|| 2 /||a)- 
This concludes our proof. □ 

Corollary 5.5. A unital nuclear quasi-diagonal C*-algebra 21 is a unital pseudo¬ 
diagonal C*-algebra. 

Proof. Let 5^ be a finite subset of 21, which we assume without loss of generality, 
contains la. Let e < j. By Lemma (5.4), there exist a finite dimensional C*- 
algebra fBg and two positive contractions : *8e —?> 21 and : 21 —>■ fBg such 
that: 

(1) for all X S S' we have |k — fe ° k£(2;)||a ^ £> 

(2) for all x,y we have Wtpeixy) - '0e(a:)V'E(?/)||'Be < £, 

(3) we have ||le — '!/’e(la)||'Be ^ £> where 1^ is the unit of 

Since ||'!/’e(la) ~ lelke < !> matrix i/’£(la) is invertible, while it is also 
positive, of course. 

We also note that: 

Ika — y^eiX%)\W = Ika — o ke(la)ll'8e + Ike O ke(la) — <Pe(le)||a 
^ e + ||'0E(la) — lelke 
^ 2£ < 1. 

Thus :p(la) is also invertible in 21 — and of course also positive. 

Define: 

k = Pe{^e)~^ and Ce = ke(la)“^kE(')k(la)“U 

We first note that 0^ and ge are both positive linear maps. Moreover, 0^ and Ce 
are both unital by construction, so they are contractions as well. 
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Now, let a,b G Then: 

{\\lpeia) (le - 1 / 17 ^( 121 )) ' 0 e(&)||<B, + Heiab) - l/’e (a)l/’e (&) || 05 J 

< (||le -' 07 ^(l 2 l)||^^ ||a|| 2 t||&||a + || l/'e («&) “ l/’e(a)V'6 (&) ||<B,) 

since is a contraction. Now, the spectrum of the self-adjoint element 'i/’e(la) 
is a subset of [1 — e, 1] since ||■^/)£(la) — lelloSe ^ £■ Consequently, as e < 1, by 
the functional mapping theorem, the spectrum of '0e(la)~^ ~ le is included in 
[0, — 1]. Thus, as '0£(la)~^ — Ig is a self-adjoint element: 

IIV'E(la) “ ^ 1 _ £ ~ 

and thus limg ^.0 ||V'E(la)“^ - lellse =0- Similarly, limg^.o pg - Use = Oj 

and thus in particular, limg_>o ||V'E(la)~^ ||c8e = 1- 

Since limg_^o \\'>pe{ab) - tpeia)'>Peib)\\^^ = 0, we obtain: 


lim pg(a6) - ‘?g(a)<rg(&)||i8^ = 0. 
£^0 


Similarly, for all a G we have: 

||a - 6»g o <rg(a)||a 

|^e(1e)"^V5e ('0£(la)“^i/'E(a)i/’e pla)) </3g(lg)“5||2t 


= ||a-( 

^ \\a - ‘Pe o ipe{a)\\% 


-f 


-f 


Pe (V’E(la)“^E(a) ( 1 e -' 0 E(la)“^)) 

(/^g ((le - V'E(la)“^) V'E(a)) 

(la - V5 e(1e)“^) Pe ('0E(la)“^E(a)l/'E "" (la)) 
‘/5 e(1e)“^<Pe (iAe(la)“^E(a)'i/'e " (la)) (la - <Pe(1£)“^) 


< ||a - ipe o V'£(a)||a 


-f 


Ig- 


'0£(la) ^ ^ l|a||a (l + ||V'£(la) Hlse) 

la - <P£(l£)~^ ^ ll'0£(la)~ = ||®J|a||a (l + |p£(l£)~^ ||a) ■ 

Since limg_i.o |p£(l£) — la||a = 0, we check again easily that lim£^o |p£(l£)~^ — 
la||a = 0, and thus, since lim£^o ||a — Pe o '> Psio )\\% = 0, we conclude: 

lim ||a - 6»g o ?g(a)||a = 0. 

£^•0 


Now, if c, c' G U, then we have: 

0 < p£ (coc') -<?£(c) 0 (rg(c')||<B, 

\ (lk£(c)<?E(c') -<?£(cc')||<Be + lk£(c')‘?£(c) -‘?e(c'c)||o5J 
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and thus, for all c, c' € S': 

lini (c o c) - ^e(c) o = 0. 

£—)'0 

The same holds for the Lie product. 

This concludes our proof. □ 

If (2t, L) is a quasi-Leibniz quantum compact metric space, with 21 a pseudo¬ 
diagonal C*-algebra, then Definition (5.1) provides some finite dimensional C*- 
algebraic approximations. The question, of course, is how to construct Lip-norms 
on these finite dimensional approximations. The main difficulty is to obtain Lip- 
norms with the Leibniz property. We are, in fact, only able to construct Lip-norms 
with the quasi-Leibniz property, albeit arbitrarily close to the Leibniz property. 
This construction is given in the following lemma: 

Lemma 5.6. Let (7^1 and D ^ 0. Let (21, La) be a C, D-quasi-Leibniz quantum 
compact metric space, and let e > 0. Assume that we are given a e'^-dense finite 
subset ^ of: 

{a G sa (21) : La(a) ^ 1 and p,{a) = 0} 

for some fx G .5^(21), as well as a finite dimensional C*-algebra 25 and two unital, 
positive linear maps : 25 —> 21 and i/j : 21 —>■ 25 such that: 

(1) for all a G we have \\a — ip o -0(0)||a ^ 

(2) for all a,b G we have ||i/'(a) o — ip (aob) ||® ^ 

(3) for all a,b G we have \\{ip{a),ip{b)} — ip ({a, b}) ||i8 ^ e^. 

We then define: 

£, = {b G sa (IB) : 3a S sa (21) La(a) < 1 and ||6 — ip{a)\\<s ^ e} ■ 

Then Z is a balanced convex set and the associated Minkowsky functional L is a: 

[(7(1 -L 2e), C{2e -L lOe^ -L I2e^) -L D] 
quasi-Leibniz Lip-norm on *B. 

Proof. We split our proof in a few steps for clarity. 

Step 1. We first check that we may replace ^ with ^ -|- Rla in our lemma, at no 
cost. 

Our first observation is that if t, u £ E, then, and for all c, c' G we have: 

\\ip{c 3- tl< 2 i)ip{c 3- ula) - ip{{c 3- tla)(c' 3- ula))!!® 

^ ||i/>(c)V'(c') - ip{cc')\\<s + \\tip{c’) - tip{c’)\\<s, 

+ \\uip{c) - uip{c)\\<s -L \\{tu - tu)la||<8 
= Uic)ip{c') - ip{cc')\\<s. 

Consequently, since c, c' G sa (21), t,u gM. and ip is positive (hence star-preserving), 
we have: 

\\ip{c -L tla) o tp{c' + ula) -ip{{c-\- tla) o (c' -L ula)) Has < 

and 

\\{ip{c -L tla), V'(c' + Mia)} -ipi{c-\- Da, c' + ulaj) ||<b ^ 

We also have: 

||c + tl%-ipo ip{c 3- tla)||a = ||c - o i/'(c)||a < e^- 
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Hence, we may replace 5^ with © = (S'U {0}) + Rla, while Assumptions (1), (2) 
and (3) of our Lemma remain satisfied. 

Now, let a € sa(2t) with La(a) ^ 1. Then La(a — /i(a)la) ^ 1 and p(a — 
M(®)la) = 0. Thus there exists c G ^ such that ||(a — p(a)la) — c||a ^ e^- Hence, 
if d = c + p(a)la then d £ © and of course ||a — d||a ^ 

Step 2. With these observations in mind, let us study the geometry of the set £. 
We begin by showing that £, is a balanced, convex set, and that L is finite on fB. 

If b,b' £ £ then there exists a, a' £ sa (21) with ||6 — '0(a)||(8 ^ e and \\b' — 
^ e while La(a) ^ 1 and La(a0 ^ 1- Thus, for any t £ [0,1], we have 
La(ta+(1—t)a) < land ||(t 6 +(l—1)6') —(ta+(l—t)a ')||<8 < e. Thus t 6 +(l—£ £, 
i.e £ is convex. 

Moreover, for all t £ [— 1 ,1], we have La(ta) ^ jtj ^ 1 and \\tb—'tjj{ta)\\<s ^te^e, 
so £ is balanced. 

Since Lsa(O) = 0, we have 0 £ £, and thus by construction of £, the closed ball 
of center 0 and radius £ > 0 lies in £. This implies in turn that the Minkowsky 
functional of £ is finite on 05. 

Step 3. We now check that L( 6 ) = 0 if and only if b is a scalar multiple of the unit 

of^. 

First, let t £ H. Then — '0(tla)||® = 0 and La(tla) = 0 so £ £. Thus 
L(tl 25 ) ^ f and thus, as t £ IR, is arbitrary, then L(l 25 ) — 0. 

Assume that L( 6 ) = 0 for some b £ sa(05). Then L{tb) = 0 for all t £ R, so 
tb G Sj for all t £ R. Thus for alH £ R there exists at G sa (2f) such that La(at) ^ 1 
and: 

\\tb - 'ip{at)\\<s < £■ 

Thus, if t > 0, then ||^ ~ V'(yQ-t) IIb ^ 7^- ~ 7®* t > 0. Now 

La(a[) < 

Now, for all n G IN\{0}, there exists c„ £ © with L 2 t(c„) ^ 1 and ||a„—c„|| 2 i ^ £^. 
Let d„ = for all n £ IN, n > 0. Thus: 

||6 - ip{dn)\\<B < \\b - 'fi{aj\\<s + \\ip{a^ - 


n 

and thus, we have: 

jjaUla ^ ||d„||2t + - ^ ||V'(rf«)||® + 2- ^ + ||6|b 

n n n 

by Remark (5.3), while L(a(j) ^ Therefore, the sequence (a(i)nGiN,n>o lies in 
the compact set {c £ sa (2t) : L 2 i(c) < 1, ||c||a ^ ll^ll® + e + 3£^} (using Theorem 
(2.14)). So we can extract a subsequence of (a(j)„g]N,n>o converging to some a. 
Now by continuity, ||5 — i/^(a)||(8 = 0 while, by lower semi-continuity, L 2 i(a) = 0. 
Thus a = /clgt for some fc £ R since (21, L^) is a Lipschitz pair. Thus as is unital, 
we conclude that b = fel®. 

Step 4. IFe prove that for any v G .5^(*8), we have £ = {6 £ £ : i/(&) = 0} -I- Rl^s • 

If 6 £ £ then there exists a £ sa (2t) with L 2 i(a) ^ 1 and ||i/^(a) — ^IIb ^ £• Thus 
for all t £ R, L 2 t(a — tl%) = L 2 [(a) ^ 1 since La(la) = 0 and Lai is a seminorm, and 
then: 


11(6-tl®) --0(0 - tl2i)||<B = ||6 - i/;(a)||<8 < 
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Consequently, b — t\<s S £. From this, we conclude that: 

• if 6 £ £ then b — i/(b)l<s £ £. Since u (6 — u( 6 )l®) = 0, and b = (b — 
^( 6 ) 1 ®) + p( 6 ) 1 b, we have 6 £ {d £ £ : u(d) = 0 } + Rl®. 

• if 6 = d + with d £ £ and u(d) = 0 , then 6 £ £. 

This proves our step. 

Step 5. Fix V £ ^(25). Wt now prove that £ is closed and {& £ £ : v(b) = 0} is 
compact. 

Let (&n)neiN be a sequence in £ with v{bn) = 0. Then for all n £ M, let a™ £ 
sa(2t) with L 2 i(a„) < 1 and ||'0(an) — d„||® ^ e. Let ^ = u o-0 £ ^(21) (note that 
'ip is unital, positive, linear). 

Let n £ IN. We first note that: 

|^(a„)| < IC(an) - ’^ibn)\ + |u(&n)| ^ |u(0(a„) -bn)\ < e. 

Hence, for all r] £ J^(2l), we have: 

l»7(an)| ^ \v{an) -^(an)| + IC(an)| ^ mkLa (??,0 +e 

since La(a„) < 1; since a„ £ sa(2t) we conclude: 

||a™||a ^ diam(^( 2 l), mkLa) + £• 

We thus observe that for all n £ IN, n > 0: 

\\bn\\<s ^ ||a„||a + e ^ diam (^( 21 ), mkLa) + 2 e. 

As 25 is finite dimensional, the bounded sequence (d„)„g]N admits a convergent 
subsequence ( 6 g(n))neiN with limit denoted by 6 £ sa(18). By continuity of u we 
have i/{b) = 0 . 

We note, as a digression, that we also can conclude that diam (J^(25), mkL) < oo, 
though we will conclude a stronger fact shortly. 

Indeed, we have now proven that for all n £ IN, we have \-%{ag(^n)) ^ 1 ^-nd 
||a 3 (n)||a ^ K for some fixed AT > 0. The set {a £ sa(2l) : La(a) ^ 1, ||a|| 2 t ^ K} 
is norm compact since (21, La) is a quasi-Leibniz quantum compact metric space 
by Theorem (2.14). Thus, there exists a convergent subsequence (ago/(ra))neiN of 
(ag(„))neiN which converges in norm to some a £ sa( 2 t), with La(a) ^ 1 , as La is a 
lower semi-continuous Lip-norm. 

Thus by continuity, ||6 —'0(a)||s ^ e and thus 6 £ £. Hence, we have shown that 
any sequence of elements in {&£ £ : u(&) = 0 } has a convergent subsequence with 
limit in the same set. Therefore, { 6 ££:u(&) = 0}is norm compact. 

Thus, £ = {&££: v{b) = 0} -t-Rl® is closed. Thus L is a lower semi-continuous 
Lip-norm on 25 by Theorem (2.14). 

Step 6. It remains to study the quasi-Leibniz property of L. 

Let b,b' £ £. There exist a, a' £ sa(2l) with La (a) ^ 1, La (o') ^ 1 while 
110(a) — b\\<s 0 £ and ||0(a') — 6 '||b 0 £. Then there exists c, c' £ © with ||a — c||a ^ 
£^ and ||a' — c'lla 0 £^, as explained in Step 1. 

Now: 

||0(a)||B 0 || 6 ||>b + £ and ||0 (c)||<b < ||0(c) - 0(a)||® -L ||0(a)||<B 0 \\b\\<3 -L £ -L £^. 
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Our goal is now to find an upper bound for || 6 o 6 ' — tjj^aoa') H®. Thus, as 
a, a', b, b' are all self-adjoint and ijj preserves the star operation: 

(5.4) \\b o b'— tjj {a o a') \\<s 

(5.5) < || 6 o 6 ' - '0(a) o 0(a')||'B + \\i’{a) o - 0 (a o a') ||b 

(5.6) 0 || 6 ||«B||?>'-^(a')ll <8 

(5.7) -f || 0 (a')||'B||fc- 0 (a)||a 5 

(5.8) -f 110(a) o 0(a') - 0(c) o 0(a')||<8 

(5.9) -f 110(c) o 0(a') - 0(c) o 0(c')||® 

(5.10) -f 110(c) o0(c') - 0(coc') IIb 

(5.11) -I-||0(coc')-0(aoa') IIb- 

We now provide a bound for each of the Terms (5.6-5.11). By construction, 
\\b' — 0 (a')|| 5 s 0 £, so Term (5.6) is dominated by || 6 ||®e. Note that Term (5.6) 
holds because: 

||6 o b' - ijj{a) o 0 (a')||'B = ^ (II&&' - 0 (a) 0 (a')||<B + \\b'b - ijj{a)'ijj{a)\\<s) 

= ^ (11^^' - + 11(66' -0(a)0(a'))*||<8) 

= l| 66 ' - 0 (a) 0 (a')||< 8 . 

Similarly, since || 0 (a')|| 2 s 0 || 6'||'8 + £ and ||0(a) — 6 II 23 0 e, we conclude that 
Terms (5.7) is dominated by (|| 6'||23 -|-e) e. 

Now: 

110 (a) o 0 (a') - 0 (c) o 0 (a ')||<8 0 || 0 (a) - 0 (c)||®|| 0 (a')||® 0 (|| 6 '||b -be) 

which gives us our bound for Term (5.8). 

We derive a similar upper bound on Term (5.9): 

110 (c) o 0 (a') - 0 (c) o 0 (c')||<B 0 || 0 (a') - 0 (c')||a}|| 0 (c)||<B 

0 (|| 6 ||'B + ■ 

By our choice of 0, Term (5.10) is bounded above by e^. It is the appearance of this 
term, and the quasi-multiplicative property of 0 , which motivates our computation. 

Last, concerning of Term (5.11), we first note that ||a|| 2 i 0 ||c||a + e^ while 
||c||a ^ ll'0(c)||® by Remark (5.3). Thus: 

||a||a ^ 11611® -b e -b 3e^, 

while similarly, ||c'||a 0 llf/’(c')|| -b e^ 0 || 6 '|| -b e -b 2e^. Thus: 

||aa' — cc'lla 0 ll«l|a||a' — c'||a + ||c'||a||a — c||a 0 e^ (|| 6 ||® -b || 6 '||® -b 2 e -b 5e^) . 
Consequently: 

|| 0 (a o a' - CO c')II® 0 ||a o a' - co c'||a < £^ (|| 6 ||® -b || 6 '||® -b 2 £ -b 5e^) . 

We thus obtain the following estimate: 

(5.12) || 6 o 6 ' - 0(a o a') II® 0 || 6 ||®e -b (|| 6 '||i 8 -b e) e 

+ (l| 6 '||® -b e) -b e^ (l| 6 ||® -b e -b e^) 

-b e^ -b e^ (|| 6 ||® -b \\b'\\<s -b 2 e -b 5e^), 
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which simplifies to: 

(5.13) ||6 ob' - ij) {a o a') \\<Q < e ((1 + 2e) (||&||i8 + ||6 '||<b) + 2£: + Ae^ + 6e^) . 

We now compute an upper bound on the Lip-norm of the Jordan product a o o', 
using the (C,I?)-quasi-Leibniz property of La, and using ||&||<b and II^^IIb: 


La (a o a') < C (||a||a + ||a'||a) + D 
14) 

^ C (II^IIb + II^^IIb + 2e -f 6e^) + D. 

Let: 

w = C(1 + 2e) {\\b\\<s + \\b'\\<s + 2e + 6e^) + D 
= C{1 + 2e) {\\b\\<s + ||6'||<b) + C(2e + lOe^ + Ue^) + D. 


Trivially, from Expression (5.13), we have: 

II& o b'-i^ {a o o') II® ^ £ {C{1 + 2e) (||6 ||b + ||6'||®) + C{2e + lOe^ + l 2 e^) + D) = euj, 
since C ^ 1, U ^ 0, so: 


(5.15) 


1 


—fe ob — tf ' 

— a 0 a 

(jj 

VW J 


^ £. 


® 


Similarly, from Expression (5.14), we have: 


(5.16) 


La ( —a o a' I < 1. 


U! 


Inequalities (5.15) and (5.16) together prove that ^bo b' G £. Thus, to summa¬ 
rize the heavy computation above, we conclude that: 

bob' g[C{ 1 + 2e) (||6||® + life'll®) + {C{2e + lOe^ + 12e^) + D)] £. 

The same computations hold for the Lie product as well. 

Thus Lemma (3.1) proves that L satisfies the (C(l + 2e),C{2e + lOe^ + 12e^) + D)- 
quasi-Leibniz identity. □ 

We thus arrive at the following finite dimensional approximation result which 
applies to a large class of quasi-Leibniz quantum compact metric spaces, including 
in particular nuclear, quasi-diagonal Leibniz quantum compact metric spaces. This 
result employs the generalized dual propinquity adapted to quasi-Leibniz quantum 
compact metric spaces, as Lemma (5.6) only provides us with such finite dimen¬ 
sional approximations, although the departure from the Leibniz property can be 
controlled to be made arbitrarily small. 

Theorem 5.7. Let C ^ 1, D ^ 0 and Let (21, La) be a (C, D)-quasi-Leibniz quan¬ 
tum compact metric space where 21 is a unital pseudo-diagonal C*-algebra. Then 
(21, La) is the limit of finite dimensional ((7(1 -\- e),D -\- e)-quasi-Leibniz quantum 
compact metric spaces for the ((7(1 -\- £),D -\- e)-dual propinquity, for any e > 0. 

Proof. Let e > 0. Let p. G =5^(21) be arbitrary. The set: 

1 = {a S so (21) : La (a) < 1 and p{a) = 0} 

is norm-compact, since La is a lower semi-continuous Lip-norm, by Theorem (2.14). 
Thus there exists a e^-dense finite subset U of 1. 
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Since 21 is pseudo-diagonal, there exists a finite dimensional C*-algebra *8 and 
two unital positive linear maps : 25 —21 and i/; : 21 —25 such that: 

(1) for all a G 5^ we have ||a — o ^(a)|| 2 i ^ e^, 

(2) for all a,b G ^ we have ||i/’(a) o tp(b) — ij){aob) ||>b < e^, 

(3) for all a,b G ^ we have \\{tjj{a),'>plb)} — ip ({a, b}) ||b ^ e^- 

Now, as with step 1 of the proof of Lemma (5.6), Assertions (1),(2) and (3) above 
remain valid if ^ is replaced by = S' -I- Ilia- Moreover for any a € sa (21) with 
La(a) ^ 1 then there exists c G Si such that ||a — c||a ^ We shall use this 
henceforth. 

By Lemma (5.6), if we set: 

£ = {6 G sa(18) : 3a G sa(21) ||6 — '0(a)||5s ^ e and La(a) ^ 1} 

and if L® is the associated Minkowsky functional, then L is a: 


[(7(1 -f 2e), C{2e -f lOe^ 12e^) + D] 


quasi-Leibniz Lip-norm on 25. We now wish to compute the dual propinquity 
between (2t, La) and (18, Lig). 

For all a G sa (21) and & G sa (18) we define: 


N{a,b) = -\\ip{a) - 611®, 
e 


and 


L(a, 6) = max{La(a),L®(6),W(a, 6)}. 

We note that N is norm continuous on sa(2l0 25), while Af(la,l®) = 0 yet 
Af(la, 0) ^ 0 since ip is unital. 

Now, let a G sa (21) with La (a) = 1. Then since \\ip{a) — ip{a)\\<s, = 0, we conclude 
that L®('0(a)) ^ 1 and N{a,ip{a)) = 0. Note that L{a,ip{a)) = La (a) = 1 in this 
case. 

Second, let 6 G sa (18) with L® (6) = 1. Then there exists a G sa (21) with La (a) ^ 
1 and N{a, 6) ^ 1 by definition of N and L®. Again note that L(a, 6) = L® (6) = 1. 

Consequently, is a bridge in the sense of [40]. We conclude immediately from 
the above computation that in fact, the quotient of L on sa (21) is La and the 
quotient of L on sa (25) is L®. 

However, to conclude that we have constructed a tunnel for the propinquity, we 
must also study the quasi-Leibniz property for L. 

Let a, a' G dom(La) and 6,6' G dom(L®). Let t = max{La(a), L® (6)} and 
u = max{La(a'), L® (6')}. 

Assume first t ^ 1 and u ^ 1. Thus, there exists c, c' G such that ||a—c||a ^ 
and 11 a' -c'lk ^ e'^ again. Thus, similarly to our computation in the proof of Lemma 
(5.6), we have: 
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||66' - tjj {aa') ||b 

(5.17) 

^||6|b||6'-V'(a')lk 

(5.18) 

+ lk(a')ll®l|6-k(a)ll® 

(5.19) 

+ lk(a)k(a') - ilj{c)tjj{a)\\<B 

(5.20) 

+ lk(c)'0(a') - '0(c)'0(c')ll'8 

(5.21) 

+ lk(c)V’(c') -'iA(cc') ||<8 

(5.22) 

+ Ik(cc') -ipiyaa') ll®. 


• Term (5.17) is bounded above by \\b\\<s{eN{a',b')). 

• Term (5.18) is bounded above by ||a'||2i(elV(a, 6)). 

• Term (5.19) is bounded above by ||a'||e^. 

• Term (5.20) is bounded above by (||a|| + £^) e^. 

• Term (5.21) is bounded above by e^. 

• Term (5.22) is bounded above by ||cc' — aa'Hai which in turn, is bounded 

by (||a||a + lla'Ila +e^) 

Let us now assume simply that t,u > 0. Thus, we get from our estimates above: 


—N {aa\ bb') =n( ia-a', h-b'^ 
tu \t u t u J 



1 

^ fl 

1 \ 


1 

< 

-b' 

N - 

a, -b 

+ 

-a 


u 

<s V ^ 

t y 


t 


f 

1 


1 , 


-a 

+ 

—a 

V 

t 

a 

u 


+ e + 2e^. 



Hence: 


N{aa',bb') < ||6'||<8lV(a, 6) + ||a|| 2 ilV(a', 6') 

+ 2||a||aue + 2||a'||>2ite + etu + 2e^tu. 

Since ||(a, 6)||ae<8 = max{||a||a, ||6 ||<b}, II(«',&')Ike® = max{||a'||a, ||5 '||b} while 
max{t, A^(a, 6)} = L(a, 6) and max{u, iV(a', 6')} = L(a',6'), we get: 

(5.23) N{aa',bb') < (||(a',60lla®«8(l + 2k)L(ak) 

+ (1 + 2£)||(a, 6)||2t©gsL(a', b') + (s + 2£^) L(a, b)L{a', b'). 

If, instead, t = 0, then a and b are scalar multiple of the identities in 21 and 25 
respectively, and Inequality (5.23) trivially holds. The same is true if it = 0. In 
conclusion, Inequality (5.23) holds for all a, a' G sa (21) and 6, b' £ so (18). 

Since we must use the dual propinquity adapted, in particular, to the ((7(1 + 
2£), (7(2e + 10e^ + 12e^)+Il)-quasi-Leibniz quantum compact metric space (18, L®), 
we simply note the weaker estimate: 


Niaa', bb') ^ C{1 + 2e) (||(a, 6)||a®® L(a', b') + ||(a', 6')|k®BL(a, b)) 

+ (C(2e + IQe^ + Ue^) + D) L(a', 6')L(a, b). 
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It is then straightforward that for a, a', b, b' are self-adjoint, we have: 

max {A^ (a o a',bo b '), N ({a, a'}, {6, 6'})} ^ 

(7(1 -I- 2e) (||(a, 6)||2t©'8L(a', b') + ||(a', 6')||2i©<BL(a, b)) 

+ (C(2e + lOe^ + 12e^) + D) L(a', b’)L{a, b). 

From this we conclude that, if Trat : 21 © 18 ^ 21 and ttsb : 21 © 25 ^ *8 are the 
canonical surjections, then r = (21 © 25, L, 7ra, tt^s) is a ((7(1 + 2e), (7(2e + lOe:^ + 
12e^) + Z))-tunnel in the sense of Definition (2.15). 

We can thus compute the length of the tunnel r, as defined in Definition (2.25), 
to obtain an upper bound for the dual propinquity between (21, L^) and (*8, Lig). 

The depth of r is trivially zero, so we simply compute its reach. 

If 0 G 7^(*8) then we set ^ = 6 o ip £ 7^(21) (as ip is unital, positive linear) and 
observe that: 

mkL(6»,>r) = sup{|6»(6) -Oo ip{a)\ : L 2 i(a) < 1,1^(6) ^ 1, ||6 - V'(a)||'B < e} 

^ e. 

If <^ € 7^(21), then let 0 = o tp G o5^(*8) (since is unital, positive linear). If 
N{a, b) ^ 1 for some (a, b) G sa (21 © 25) then \\b — ip{a)\\<s ^ £ and, since La(a) ^ 1, 
there exists c G such that ||a — c||a ^ £^, so: 

W^fiib) - a||a ^ \\(p{b) -ipo ip[a)\\% + ||f^ o ip{a) - a||a 

^ 11^ - V’(a)ll‘8 + \W o V'(a) - o '*/'(c)||a 

+ \W ° ^(c) - c||a + ||c- a||a 
^ £ © 3£^. 

Consequently, mkL(0,^) ^ £ + 3£^. 

Thus the length of our tunnel is bounded above by £ + 3£^ (and its extent is 
bounded above by 2(£ + 3£^)). 

In summary, for all £ > 0, there exists a finite dimensional ((7(1 + 2£), C{2£ + 
10£^ + 12£^) + D)-quasi-Leibniz quantum compact metric space (18, L®) such that: 

^C(l+2e),C(2e+10e2 + 12e3)+D((^’ ^Sl); (®; L®)) ^ 2 (£ + 3£ ) . 

This proves our theorem. Indeed: fix ^ > 0 and let £ > 0 be chosen so that 
1 + 2£ ^ 1 + ^ and C{2£ + 10£^ + 12£^) ^ 5. Then, we have shown that there 
exists a finite dimensional ((7(1 + <5), D + (5)-quasi-Leibniz quantum compact metric 
space (18,L5 s) such that ^^^((21, La), (25, Itg)) 2(£ + 3£^). From this, 

we conclude that (21, La) is the limit, for d+s)^ finite dimensional ((7(1 + 

(5), D + J)-quasi-Leibniz quantum compact metric spaces. □ 

Now, in particular, we conclude that for any (7 > 1 and D > 0, if (21, La) is a 
pseudo-diagonal Leibniz quantum compact metric space, then (21, La) is a limit of 
finite dimensional ((7, D)-quasi-Leibniz quantum compact metric spaces for A^^. 
Our justihcation for working with quasi-Leibniz quantum compact metric spaces 
stems from the fact that our proof, in general, does not allow (7 = 1 and D = 0. 
Of course, [21], [35] provide examples of Leibniz quantum compact metric spaces 
which are limits of finite dimensional Leibniz quantum compact metric spaces for 
the dual propinquity, so there are known nontrivial examples when this desirable 
result holds. 
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